Wipeout: Stage 3 and 4**                                                                                                             Zach Thompson

These questions all involved triangular numbers. 

a) Firstly, there were 6 numbers but one was wiped out, leaving 5 quantities.

mean x number of quantities = sum of quantities,    mean = 3.6, quantities = 5, sum of quantities = 18 (3.6 x 5)

This sequence is the 6th triangular number = 21. Since the difference between 21 and 18 is 3, the wipeout number is 3.

b) I used the same logic as in (a) above: . Only 6 numbers are left with a mean of 4 (6 x 4 = 24) 
28 – 24 = 4, so the wipeout number is 4.

At this point I wanted to make sense of what the questions were considering, so I used algebra to come up with a general rule:


Both n and w are positive integers, with w the wipeout number
Logically, w must be less than or equal to n because n is the largest term.

Note: the mean can be a decimal, but both n and w must be positive integers, (as only positive integers feature in triangular numbers).

c) Using my rule, I substituted the values given in the question. The sequence is the 15th triangular number. 
n = 15, 






120 – w = 107.999  which I rounded to 108                       wipeout number = 12

You can also calculate the answer using the following method, which generates  as the approximate fraction. This is equivalent to  so either way, the wipeout number is 12.

	
	x
	1,000,000
	=
	
	=
	

	
	x
	10
	=
	
	=
	

	
	
	
	-
	7714208
	=
	

	
	
	
	so
	7.7
	=
	



d) This time we are searching for both N and the wipeout number. We can only substitute a value for the mean, so we must convert the recurring decimal into a fraction.



I know that , so it’s logical to assume a denominator of 12. I found that 



, therefore  and 




Wipeout number = 9, N = 13 

Again, you can calculate the same sum using this method:

	
	x
	100
	=
	
	=
	

	
	x
	10
	=
	
	=
	

	
	
	
	-
	615
	=
	


 
My calculator reduced  to , which is equivalent to  , so confirmed the wipeout number as 9. 

e) As in (d), substitute known values and convert the mean into a fraction (which I did using place value):






25.76 x 10 = 257.6, and 257.6 x 5 = 1288, therefore 25.76 x 50 = 1288, so (N – 1) = 50

N = 51 and 





Wipeout number  = 38, N = 51

Extension
We can still use our formula, but this time the mean must also be an integer. 



N is an unknown even number, so we can only consider  as c...

If you substitute for N, you can find the following pattern:

	N 
	
	Wipeout number

	2
	3
	1 or 2

	4
	10
	1 or 4

	6
	21
	1 or 6

	8
	36
	1 or 8

	10
	55
	1 or 10



I tried a random selection of much larger even triangular numbers, and the pattern held. This is because of factors and multiples. 

For example, = 21, or 1+2+3+4+5+6, but one number is wiped out, so the denominator must be 5.

21 is only divisible by 5, with a remainder of 1 or 6. Larger remainders are possible, but 6 is the Nth value in this example, so only 1 and 6 are possible. If you draw dots to represent the triangular number, and then try to rearrange these in rows and columns, divisible by the demoninator, it becomes even clearer.

Just for fun, I then looked at odd sequences, where N is an unknown odd number. This time a different pattern emerged:

	N 
	
	Wipeout number

	3
	6
	2

	5
	15
	3

	7
	28
	4

	9
	45
	5

	11
	66
	6



This is because of how odd and even numbers work. 

Because N is odd, (N – 1) must be even. If we substitute this into our formula, and want to have only positive integers, the numerator must also be even (odd  even does not generate a positive integer). This leaves you looking for an even numerator, and comes down to the combination of odd and even pairs in each triangular number.
For example: 1 + 2 + 3, where 1 + 3 = even number, so 2 has to be the wipeout number, but
  = 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 = odd number, so 5 is the wipeout number as there are 2 pairs of odd numbers, and two pairs of even numbers that sum together to make an even number divisible by 8. 

Although the wipeout numbers are consecutive, they are actually the median number of each of the sequences (2 is the median of . The same logic applies, the wipeout number is the remainder.	
