Overlaps: Stage 3                                                                                                                       Zach Thompson

The question implies that ( b + d + f + h )  5 = whole number
 
If you use the four lowest numbers and the four largest numbers, you will find the smallest and largest combinations for the overlaps. You cannot make 5 and cannot make 35.

1 + 2 + 3 + 4 = 10   so  ( b + d + f + h )  9   and

6 + 7 + 8 + 9 = 30   so  ( b + d + f + h )  31   

The problem made me think. I’d recently been looking at magic squares and it gave me an idea.

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 = 45   so  ( a + b + c + d + e + f + g + h ) = 45

But ( b + d + f + h ) are counted twice.   

If ( b + d + f + h ) = 10 then 45 + 10 = 55 (sum of all rings). 555 = 11 (potential lower bound).
If ( b + d + f + h ) = 30 then 45 + 30 = 75 (sum of all rings). 755 = 15 (potential upper bound).

I then looked for overlap combinations that were multiples of 5, and used trial and error to find the following solutions.

	a
	b
	c
	d
	e
	f
	g
	h
	i
	Observations

	9
	2
	5
	4
	6
	1
	7
	3
	8
	( b + d + f + h ) = 10. Ring total = 11

	8
	3
	7
	1
	6
	4
	5
	2
	9
	Exactly as above, but the string is reversed Ring total = 11

	4
	9
	1
	3
	8
	2
	5
	6
	7
	( b + d + f + h ) = 20, 20 + 45 = 65, 655 = 13. Ring total = 13

	7
	6
	5
	2
	8
	3
	1
	9
	4
	Exactly as above, but the string is reversed Ring total = 13

	5
	9
	2
	3
	4
	7
	1
	6
	8
	( b + d + f + h ) = 25, 25 + 45 = 70, 705 = 14. Ring total = 14

	8
	6
	1
	7
	4
	3
	2
	9
	5
	Exactly as above, but the string is reversed Ring total = 14



I couldn’t find a solution for a ring total of 15. The only overlap combination possible is 6 + 7 + 8 + 9 = 30, 30 + 45 = 75, 75  5 = 15, but the numbers are just too big to generate a ring total of 15.

If h = 9, then i would have to be 6, but i  6, as 6 must be used within the overlap combination. 
b  9 and h  9

If d = 9, the lowest number that can go in f is 6, then e would have to be zero, which cannot be.

Equally, I could not find a solution for a ring total of 12. I tried 6 overlap combinations which totalled 12. 
15 + 45 = 60, 60  5 = 12 

	1 + 2 + 5 + 7 = 15
1 + 2 + 4 + 8 = 15
1 + 2 + 3 + 9 = 15
1 + 3 + 5 + 6 = 15
	No matter how I tried to arrange these four digits within the overlaps, I couldn’t find a solution.




The closest I got was b = 3, d = 2, f = 6, h = 4. Three rings worked (a = 9, c = 7, i = 8), but this left e = 5 (generating 13 as a ring total) and g = 1 (generating 11 as a ring total).

I think this was because of the combination of available odd and even numbers. If you label the rings 1-5 from left to right, and populate the overlaps with 3, 2, 6, 4 first, you are only left with 1, 5, 7, 8, 9 to complete the other fields.

Ring 1: 9 + 3 = 12, odd + odd = even
Ring 2: (3 + 2 = 5) 5 + 7 = 12, odd + odd = even
Ring 3: (2 + 6 = 8) 8 + 5 = 13, even + odd = odd
Ring 4: (6 + 4 = 10) 10 + 1 = 11, even + odd = odd
Ring 5: 4 + 8 = 12, even + even = even

Similarly b = 7, d = 4, f = 1, h = 3 almost worked. Three rings did each total 12 (a = 5, g = 8, i = 9), but this left c = 2 (generating 13 as a ring total) and e = 6 (generating 11 as a ring total). Again, it seemed to point to a mismatch in the available odd/even combinations.

Conclusion: the ring totals could potentially lie in the range 11 to 15, but I was only able to find solutions for ring totals of 11, 13 and 14.

The overlap numbers must be multiples of 5. For example:

1 + 3 + 4 + 5 = 13   so assume  ( b + d + f + h )  13   and  45 + 13 = 58 (sum of all rings)   585 = 11.6   

A ring total of 11.6 is not possible, if you only have the numbers 1-9 to populate the fields.
