Fibonacci Surprises: Stage 3**                                                                                                     Zach Thompson

There are twice as many odd as even Fibonacci numbers. This is because the sequence starts 1,1.. The recursive pattern means that each new term is the sum of its two preceding terms, and because you are starting with two odd numbers, the 3rd term must be even. The pattern will continue: O,O,E,O,O,E... This means that every 3rd Fibonacci number is divisible by 2.

You can write the terms as a,b,(a+b),(a+2b),(2a+3b),(3a+5b) etc... The 1,1,2,3,5,8... pattern for b starts with term 2 (b,b,2b,3b,5b...) but the same pattern for a only starts with term 3 (a,a,2a,3a...) This is because the 1st term, ‘a’  becomes isolated. This demonstrates the recursive formula:  
I pictured two strands of Fibonacci numbers running through the sequence. I then worked with sets of numbers, particularly consecutive sets, tried to find patterns and made some generalisations.

(1) The sum of any 3 consecutive Fibonacci numbers is equal to double the 3rd number within that set of 3.  
a + b + (a+b) = 2a+2b, which is double the 3rd number (a+b). This is because of the recursive pattern: the first two terms sum to make the third term. Because addition is commutative and associative the figures can be rearranged: 

34 + 55 + 89 = 178 = 89 + 89, because: (13a+21b) + (21a+34b) + (34a+55b) = (34a+55b) + (34a+55b)



There are no consecutive Fibonacci numbers that are both even, only O,O,E,O,O,E etc.. If you sum any 3 consecutive terms with this pattern of odds and evens, the outcome must always be even. So the sum of any 3, 6, 9, 12, 15, 18, 21...etc.... consecutive Fibonacci numbers must also be even. 

Consecutive sets are related: (1+1+2) + (1+2+3) = (2+3+5) = 2(2+3) because you can rearrange the terms



e.g. n= 11         (89+144+233) + (144+233+377) = 2(233+377)

(2) The sum of the 1st and 4th numbers in any set of 4 consecutive Fibonacci numbers is equal to double the 3rd number in that set. 

The recursive pattern means that 2nd number + 3rd number = 4th number, so the 4th number can be rewritten as the sum of the 2nd and 3rd numbers. Now just add the 1st number, and you simply have the sum of the first 3 terms within any set of 4 consecutive Fibonacci numbers. 

1,1,2,3 can be written as a, b, (a+b), (a+2b)           1 + 3 = 4 = 1 + 1 + 2, because a + (a+2b) = a + b + (a+b)  
Addition is commutative and associative, the outcome is the same: 2a + 2b, and 
(2a + 2b)/2 = a+b, the 3rd number in the set.

       e.g.  n= 20, set = (6765, 10946, 17711, 28657)
                                                                             (6765 + 28657)/2 = 17,771, the 3rd number in the set.

(3) The sum of any 6 consecutive Fibonacci numbers is equal to 4 x the 5th number in that set.
We know that the sum of any 3 consecutive numbers must be even, so the sum of any 6 consecutive Fibonacci numbers must also be even. Addition is associative and commutative, so rearrange the terms:

1,1,2,3,5,8 can be written as a, b, (a+b), (a+2b), (2a+3b), (3a+5b)
1 + 1 + 2 + 3 + 5 + 8 = 20 is the same as 4 x 5, because 
a + b + (a+b) + (a+2b) + (2a+3b) + (3a+5b) = 8a+12b, which is the same as 4(2a+3b) or 4 x 5th number.

4th + 5th = 6th number. So 6th – 4th = 5th number. 1st + 2nd + 4th = 5th number (because 1st + 2nd = 3rd number). 

a + b + (a+b) + (a+2b) + (2a+3b) + (3a+5b) can be rewritten as:
(a + b + (a+2b)) + ((a+b) + (a+2b)) + (2a+3b) + ((3a+5b) – (a+2b)), this then simplifies down to
(2a+3b) + (2a+3b) + (2a+3b) + (2a+3b) = 4(2a+3b)

Numerically this would look like: (1 + 1 + 3) + (2 + 3) + 5 + (8 – 3) = 5 + 5 + 5 + 5 or 4 x 5



If n= 10, then set is (55,89,144,233,377,610)
(55+89+144+233+377+610)/4 = (1508)/4 = 377, the 5th number.

Note from mum: Zach is only 8 and hasn’t discovered sigma notation yet, so the formulae are in ‘longhand’. They reflect Zach’s insight within the confines of his current experience. 

Extension
Addition is commutative and associative, so the terms can be rewritten. I started by listing 4 sets of consecutive Fibonacci numbers then repeated an action (e.g. sum all, sum 1st + last, 2nd + last, etc...) with each set. The patterns came through really quickly.

(A) Sum of any 4 consecutive Fibonacci numbers is equal to the sum of 3rd and 5th Fibonacci numbers 
1 + 1 + 2 + 3 = 2 + 5, or     a + b + (a+b) + (a+2b) = (a+b) + (2a+3b)


 
If n= 15, set is (610, 987, 1597, 2584) and (n+4) = 4181
610 + 987 + 1597 + 2584 = 5778 = 1597 + 4181

(B) Take any set of 5 consecutive Fibonacci numbers, sum the 1st and 5th numbers, divide by 3 to find the 3rd number in that set.

1,2,3,5,8 can be written as b, (a+b), (a+2b), (2a+3b), (3a+5b)
1 + 8 = 9/3 = 3, the 3rd number     and      b + (3a+5b) = (3a+6b)/3 = (a+2b)

        

e.g. n =12       (144 + 987)/3 = 377  because ((55a+89b) + (377a+610b))/3 = (144a+233b)

(C) Take any set of 7 consecutive Fibonacci numbers, sum the 1st and 7th numbers, divide by 2 to find the sum of the 3rd and 5th number in that set.

2,3,5,8,13,21,34 can be written as (a+b), (a+2b), (2a+3b), (3a+5b), (5a+8b), (8a+13b), (13a+21b)
2 + 34 = 36/2 = 18, or 5 + 13, the 3rd and 5th numbers
(a+b) + (13a+21b) = (14a+22b)/2 = (7a+11b), or (2a+3b) + (5a+8b)

             e.g. n= 8     (21+377)/2 = 55 + 144

(D) Take any set of 7 consecutive Fibonacci numbers, sum the 3rd and 7th numbers, divide by 3 to find the 5th number in that set.

3,5,8,13,21,34,55 can be written as (a+2b), (2a+3b), (3a+5b), (5a+8b), (8a+13b), (13a+21b), (21a+34b)
8 + 55 = 63/3 = 21, the 5th number, also (3a+5b) + (21a+34b) = (24a+39b)/3 = (8a+13b)

          e.g. n= 5     (13+89)/3 = 34

I did find lots more patterns, but from this point, I’ve only included the formulae plus examples, just so I don’t go on too long. I did use algebra to double check, they do work.

(E) Sum any set of 8 consecutive Fibonacci numbers, divide by 3 to find the sum of the 5th and 7th number in that set.

   

e.g. n= 14, so (377 + 610 + 987 + 1597 + 2584 + 4181 + 6765 + 10946) = (28047)/3 =  9349 
9349 = 2584 + 6765, the 5th and 7th numbers

(F) Take any set of 8 consecutive Fibonacci numbers, sum the 2nd and 8th numbers, divide by 2 to find the sum of the 4th and 6th number in that set.

        e.g. n = 7     (21+377)/2 = 55 + 144, the 4th and 6th numbers

(G) Take any set of 8 consecutive Fibonacci numbers, subtract the 2nd from the 8th number, divide by 4 to find 5th number in that set.

        e.g. n = 9     (987 – 55)/4 = 233, the 5th number

(H) Take any set of 8 consecutive Fibonacci numbers, subtract the 5th from the 8th number, divide by 2 to find 6th number in that set.

        e.g. n = 6     (233 – 55)/2 = 89, the 6th number

(I) Take any set of 9 consecutive Fibonacci numbers, subtract the 1st from the 9th number, divide by 3 to find the sum of the 4th and 6th number in that set.

        e.g. n = 3     (89 – 2)/3 = 8 + 21 the 4th and 6th numbers

(J) Take any set of 9 consecutive Fibonacci numbers, subtract the 3rd from the 9th number, divide by 4 to find the 6th number in that set.

        e.g. n = 4     (144 – 8)/4 = 34, the 6th number

(K) Take any set of 9 consecutive Fibonacci numbers, subtract the 6th from the 9th number, divide by 2 to find the 7th number in that set.

        e.g. n = 16     (46368 – 10946)/2 = 17771, the 7th number

(L) Take any set of 9 consecutive Fibonacci numbers, add the 1st to the 9th number, divide by 7 to find the 5th number in that set.

        e.g. n = 1     (1 + 34)/7 = 5, the 5th number

(M) Sum any set of 10 consecutive Fibonacci numbers, divide by 11 to find the 7th number in that set.

      e.g. n = 2     (1+2+... +55+89)/11 = 21, the 7th number

(N) Take any set of 10 consecutive Fibonacci numbers, add the 1st to the 10th number, divide by 2 to find the the sum of the 3rd and 5th and 8th numbers in that set.

   +      

e.g. n = 10     (55 + 4181)/2 = 144 + 377 + 1597   the 3rd , 5th number and 8th numbers

Although I could have rewritten them, the formulae explain how I spotted the patterns. I could easily have carried on as there will be many, many more, but I stopped to look at patterns of divisibility:

Every 3rd Fibonacci number is divisible by 2
Every 4th Fibonacci number is divisible by 3
Every 5th Fibonacci number is divisible by 5
Every 6th Fibonacci number is divisible by 8 or 
Every 7th Fibonacci number is divisible by 13
Every 8th Fibonacci number is divisible by 21 or (3x7)
Every 9th Fibonacci number is divisible by 17
Every 10th Fibonacci number is divisible by 11

