Multiple Surprises: Stage 3*                                                                                                         Zach Thompson

The most obvious set is 2,3,4, and this is the only one to contain prime numbers. To obtain more sets, I took a standard 100 square and blacked out all the prime numbers bigger than three. This left me looking for sets of three consecutive numbers that fit the criteria. There are more numbers divisible by 2 or 3 than 4, so I had to reverse the order and alternate between ascending and descending sets. This is what I found:
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Ascending sets are coloured blue e.g. (2,3,4), and descending sets green, e.g.(10,9,8). I very quickly realised that there is a shift pattern of 12 (down one, across two), because 12 is the LCM (lowest common multiple) of 2, 3 and 4. I wondered if this would be clearer to see if I used a 12 x 12 square, and it was!
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The pattern of prime numbers is very striking, they frame the available sets. Both ascending and descending sets align and you can clearly see the relationships between sets (shift of 12 = the LCM of 2, 3 and 4). The sum of the numbers in each set equal the middle number times three, because (n –1) + n + (n + 1) = 3n, which is three times the middle number, n.

If you continue to add the LCM to each number in a set, ascending or descending, you will generate the next viable set. I limited myself to the first 360 numbers using a 12 column number grid and found, in addition to the above, the following ascending sets: (146,147,148), (158,159,160), (170,171,172), (182,183,184), (194,195,196), (206,207,208), (218,219,220), (230,231,232), (242,243,244), (254,255,256), (266,267,268), (278,279,280), (290,291,292), (302,303,304), (314,315,316), (326,327,328), (338,339,340), (350,351,352), although the pattern will continue indefinitely.
Descending sets within this range, in addition to the above, were (154,153,152), (166,165,164), (178,177,176), (190,189,188), (202,201,200), (214,213,212), (226,225,224), (238,237,236), (250,249,248), (262,261,260), (274,273,272), (286,285,284), (298,297,296), (310,309,308), (322,321,320), (334,333,332), (346,345,344), (358,357,356), although again, the pattern will continue indefinitely.
Multiples of (3,4,5)
Lowest common multiple of 3, 4 and 5 is 60, but I still chose to explore a 12 by 12 grid because 12 is a factor of 60, so relevant patterns should still emerge, and a strong pattern of primes remains visible. Then I blanked out all primes bigger than 5. The smallest ascending set is (3,4,5), given a LCM of 60, I expected to the next ascending set to shift by 60 to (63,64,65), and this held true. 
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Ascending sets are (3,4,5), (63,64,65), (123,124,125), (183,184,185), (243,244,245), (303,304,305) etc... Descending sets are (57,56,55), (117,116,115), (177,176,175), (237,236,235), (297,296,295), (357,356,355) etc... The fastest way to double check is to scan for odd multiples of 5 (the adjacent number has to be even if it is to be divisible by 4). Once you find the first set, just add the LCM to find the next. This is very clear on the grid.

Multiples of (4,5,6)
LCM of 4,5, and 6 is 60 and the smallest ascending set is (4,5,6), so I predicted the next sets to be (64,65,66), (124,125,126), (184,185,186), (244,245,256), (304,305,306), etc... which is correct. 
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Because (4,5,6) is a shift of 1 from (3,4,5), I predicted that descending sets would be (56,55,54), (116,115,114), (176,175,174), (236,235,234), (296,295,294), (356,355,354), etc...a shift of 1, and again, I was proved right. The 5th and 7th column on a 12 column number grid hold the key, scan for odd multiples of 5 with a shift of 60 (LCM) and the pattern will hold (down 5 = +60).

Multiples of 2,3,4,5
Using the same logic, LCM of 2,3,4,5 is 60, smallest ascending set is (2,3,4,5), predicted sets are (62,63,64,65), (122,123,124,125), (182,183,184,185), (242,243,244,245), (302,303,304,305) etc... – found to be correct. Descending sets will also feature odd multiples of 5 (so that the adjacent number is even), so the first viable set is (58,57,56,55) now just add the LCM each time. Next sets should be (118,117,116,115),  (178,177,176,175), (238,237,236,235), (298,297,296,295), (358,357,356,355) etc... which again are correct. Or simply look for odd multiples of 5 in 5th and 7th column of a 12 column grid, it’s a very clear pattern.

Multiples of 2,3,4,5,6
LCM of 2,3,4,5,6 is 60, smallest ascending set is (2,3,4,5,6). The first descending set is (58,57,56,55,54). As already established, just add the LCM to each digit to find successive ascending and descending sets. Alternatively, if you do set up a 12 column number grid, just look for odd multiples of 5 in the 5th column or 7th column, these flag up all viable sets. I predicted: 

Ascending sets of (62,63,64,65,66), (122,123,124,125,126), (182,183,184,185,186), (242,243,244,245,246), (302,303,304,305,306) etc... and,
Descending sets of (58,57,56,55,54), (118,117,116,115,114), (178,177,176,175,174), (238,237,236,235,234), (298,297,296,295,294), (358,357,356,355,354) etc... all found to be correct. 

Extension:

I then wondered about other sets. What if we were looking for three consecutive numbers that are multiples of 5, 6 and 7 (in that order)? LCM is 210. I used 21 columns (210 divided by 5 = 42, and 21 is a factor of 42, any patterns should show up), then blanked out all primes bigger than 7. It worked. A pattern of odd multiples of 5 showed up in the 5th and 16th column. Ascending sets are (5,6,7). (215,216,217), (425,426,427) etc.. Descending sets are (205,204,203), (415,414,413), (625,624,623) etc... Just add the LCM to find the next viable set.

Although I used patterns, if you understand that you must use an odd multiple of 5 (so that the adjacent number is even and therefore divisible by 6), you only need to consider 15,25,35,45 etc... Logically the multiple of 7 will be a shift of two, so the first number divisible by 7 is 63. The sets (65,64,63) and (135,134,133) both worked for 5 and 7, but not 6. It was the next multiple of 7 (133 + 70 = 203) that found the first valid descending set (205,204,203); from that point it’s easy to find more, just add the LCM.

And I’ve just realised why: if you take the LCM of 210 and subtract 7, you will find the first descending set (205,204,203). Looking back, this holds true for every challenge in this puzzle, this means there is a rule:

To find an ascending set, simply use the numbers given, calculate the LCM, add this to each digit to find subsequent ascending sets.

To find the first descending set, use the numbers given to calculate the LCM, then subtract one of these numbers from the LCM, this will give you the first viable set. After that, just continue to add the LCM to each digit to generate more sets. The patterns will continue. Awesome!
