Pentagon construction
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The above is the construction of a regular pentagon. Let the radius of the circle  with centre at point  passing through point  be 1.

The right angled triangle  was apparent to me when I completed the construction. By Pythagoras’ theorem,



Since point  is the midpoint of the radius , . Since  is a radius, . Substituting these values into the above equation gives



Then, I saw the right angled triangle . By Pythagoras’ theorem, 



But 



And, since  and  are both radii of the circle with centre  passing through the point , , so .  is again equal to 1. Substituting these values into the above equation, we obtain



, since these line segments are all radii of the circle with centre  passing through .

The next right angled triangle I observed was triangle . By Pythagoras’ theorem,



But 



And , since they are both radii of the circle with centre  that passes through . So .  is again equal to 1. Substituting these values into the above equation, we obtain



, since these line segments are all radii of the circle with centre  passing through .

We can now find the size of  using the cosine rule:



, since these line segments are both radii of the circle , and it was deduced above that . Substituting these values into the above equation, we obtain



Now, triangles  and  are congruent. This is because  (radii of one circle),  (common side of both triangles) and  (deduced above), so the triangles are congruent by the SSS theorem. In particular, this means that 



I then considered triangle . 



From the cosine rule, we can find the length of :



, since they are the radii of the circle , and we know that . Substituting these values into the above equation, we obtain



So . We see then that triangle  is congruent to triangles  and  by the SSS theorem, since one side of one triangle is equal to another side of the other two triangles (, and the other two sides of one triangle are equal to the other two sides of the other two triangles, because they are all radii of the circle .

In particular then, . Also,



So .

Now, . Therefore, . 

[bookmark: _GoBack]Therefore, by the SAS congruence axiom, the triangles  are all congruent to each other and, in particular,  and all the angles in one of the above triangles are equal to the angles in the corresponding four triangles, therefore , where these angles are the interior angles of the shape , making this shape a regular pentagon
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