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Proving Half-angle Formulae
RTP: cos2(θ/2) ≡ 1/2(1+cosθ)
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1) Triangle COA is an isosceles (CO and OA are both radii of the circle and hence have a length of 1)
2) ∠OCA and ∠CAO are equal (base angles on an isosceles are equal)
3) ∠OCA and ∠CAO are θ/2 (The measure of θ which is an exterior angle of triangle COA is equal to the sum of the measures of the two non-adjacent interior angles, ∠OCA and ∠CAO)
4) Cos θ = OB (Cos θ = adjacent/hypotenuse of triangle OBA where adjacent=OB and hypotenuse=OA=1, OB/1 = OB)
5) Sin θ = AB (Sin θ = opposite/hypotenuse of triangle OBA where opposite is AB and hypotenuse is  OA which is 1, AB/1= AB)
6) Cos θ/2 = (OB+1)/CA= (Cos θ + 1)/CA  (For triangle ABC, CB which is Cos θ + 1, is adjacent to angle θ/2 and CA is the hypotenuse)
7) CA= (2 Cos θ + 2)1/2    ( CA2= (Cos θ + 1)2 + Sin2 θ = (Cos θ + 1)2 + (1 – Cos2 θ)= 2 Cos θ + 2 )Sin2 θ + Cos2 θ = 1 (known identity)
Pythagoras’ Theorem


8) ∴ Cos θ/2 = (Cos θ + 1)/ (2 Cos θ + 2)1/2      (substitute CA for (2 Cos θ + 2)1/2 )
9) ∴ Cos2 θ/2 = [(Cos θ + 1)/ (2 Cos θ + 2)1/2]2 = (Cos θ + 1)2/ (2 Cos θ + 2)
= (Cos θ + 1)2/ (2( Cos θ + 1))= (Cos θ + 1)/2

∴ cos2(θ/2) ≡ 1/2(1+cosθ)     QED

Method 2 (Continuation from Method 1):
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Note: In triangle AOC, lines CD and DA are equal (circle theorem: OD passes through the centre of the circle and is the perpendicular bisector of the chord CA, therefore since it bisects CA, CD=DA)1
θ/2


1) Cos θ/2 = CD/1 =CD,   since CD=DA,     DA = Cos θ/2
2) CA= CD+DA = 2 Cos θ/2
3)From method 1, we know that CB= Cos θ + 1    and    AB= Sin θ
4) From Pythagoras’ theorem, CB2+ AB2= CA2
∴ through substitution (Cos θ + 1)2+ Sin2 θ = 4 Cos2 θ/2
Sin2 θ= 1 - Cos2 θ and so    ∴      (Cos θ + 1)2 + (1- Cos2 θ)= 4 Cos2 θ/2
∴ Cos2 θ + 2 Cos θ + 1 + 1 - Cos2 θ = 4 Cos2 θ/2
2 Cos θ + 2 = 4 Cos2 θ/2
Cos2 θ/2 = (2 Cos θ + 2)/4
               = (Cos θ + 1)/2
 ∴ cos2(θ/2) ≡ 1/2(1+cosθ)     QED




RTP   sin2 (θ/2) ≡ 1/2(1−cosθ)
[image: ][image: ][image: ]Method 1:θ/2
Cos θ
1
θ/2
Cos θ + 1
Sin θ
(2 Cos θ + 2)1/2
Sin θ
θ/2

1) Triangle COA is an isosceles (CO and OA are both radii of the circle and hence have a length of 1)
2) ∠OCA and ∠CAO are equal (base angles on an isosceles are equal)
3) ∠OCA and ∠CAO are θ/2 (The measure of θ which is an exterior angle of triangle COA is equal to the sum of the measures of the two non-adjacent interior angles, ∠OCA and ∠CAO)
4) Cos θ = OB (Cos θ = adjacent/hypotenuse of triangle OBA where adjacent=OB and hypotenuse=OA=1, OB/1 = OB)
5) Sin θ = AB (Sin θ = opposite/hypotenuse of triangle OBA where opposite is AB and hypotenuse is  OA which is 1, AB/1= AB)
6) ) Sin θ/2 = AB/CA= Sin θ /CA  (For triangle ABC, AB which is Sin θ, is opposite to angle θ/2 and CA is the hypotenuse)
7) CA= (2 Cos θ + 2)1/2    ( CA2= (Cos θ + 1)2 + Sin2 θ = (Cos θ + 1)2 + (1 – Cos2 θ)= 2 Cos θ + 2 )
8) ∴ Sin θ/2 = Sin θ / (2 Cos θ + 2)1/2      (substitute CA for (2 Cos θ + 2)1/2 )
9) ∴ Sin2 θ/2 = [Sin θ / (2 Cos θ + 2)1/2]2 = Sin2 θ / (2 Cos θ + 2)
= (1 – Cos2 θ)/ (2( Cos θ + 1))=  -( Cos θ+1)( Cos θ-1)/ (2( Cos θ + 1))                                      = -( Cos θ-1)/ 2  =   ½ (1 - Cos θ)
∴ sin2 (θ/2) ≡ 1/2(1−cosθ)       QED
Method 2 (Continuation from Method 1):
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Note: In triangle AOC, lines CD and DA are equal (circle theorem: OD passes through the centre of the circle and is the perpendicular bisector of the chord CA, therefore since it bisects CA, CD=DA)1
θ/2
θ/2




1) Cos θ/2 = CD/1 =CD,   since CD=DA,     DA = Cos θ/2
2) Sin θ/2 = DO/1 = DO 
3) DO2 = 1 – CD2   (Using Pythagoras’ Theorem)
4) ∴ Sin2 θ/2 = 1 – Cos2 θ/2 (through substitution)
5) We have already proved the identity cos2(θ/2) ≡ 1/2(1+cosθ)
6) ∴ Sin2 θ/2 = 1 - 1/2(1+cosθ) = (2 – 1 – cosθ )/ 2 = (1- cosθ)/2
∴ sin2 (θ/2) ≡ 1/2(1−cosθ)       QED
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challenge (requiring a bit more
knowdedge), you could consider
finding the complex solutions.

You may well know enough trigonometric identities to be able to prove these results algebraically,
but you could also prove them using geometry. We have provided some diagrams that may help

You're invited to decide Yyou to prove the result for cos® §. Can you link the diagrams together to form a proof?
‘whether statements about the.

number of solutions of a

<< Discriminating

Quadratic squation is always, You may find it helpful to group the diagrams together in different ways or look for links between
Sometimes or never true. pairs of diagrams. You don't need to use all the diagrams in your proof and you may prefer to add

3 some of your own diagrams. The diagrams are available as a print out. There is an extra card in
= ;“ggmﬁc"s'e case you'd like to include another diagram in your proof.

‘This will encourage you to think cards.pdf
about whether all quadratics can
be factorised and to develop a
better understanding of the
effect that changing the
coefficients has on the factorised
form.

Can you prove the result for sin® & in a similar way?
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