MAPPING THE TERRITORY

If ,  and , then                                                             
 is real iff .  is real iff  . 
So if, given a , one wants to choose  such that the product of  and  is a real number, choose  such that  or . If one condition is satisfied, the other will also be.

If, given a , one wants to choose  such that the product of  and  is purely imaginary, choose  such that  or . If one condition is satisfied, the other will also be.

The following is a method for finding the complex number , such that .

Expanding the LHS, 

Gathering like terms, 

Now since  iff  and , LHS = RHS, or 
 iff 

and

These equations can be solved simultaneously for  and , revealing that 
 and . So one must multiply  by  to obtain . Let ,   and . Then the length of the line connecting the point represented by  to the origin, or the modulus of   is



The angle  that the position vector of  makes with the real axis is 


Which can be proved to be equal to 

Therefore


An interesting fact that I noted was, if the complex numbers  and  were denoted as vectors, and , then 

This representation of  could be used to construct it.

[bookmark: _GoBack]Draw the position vectors of the points  and , and . This construction is for the case where . Measure the lengths of the vectors. Construct the perpendicular from the point  to . Measure the length of the position vector  of the point of intersection between the position vector of  and the perpendicular from  to . This is the projection of  onto . Scale up by the factor of the length of . The length of this new vector is . Rotate this vector so that it lies on the real axis. To do this, draw a circle with it’s radius as the position vector , centered at the origin and find the position vector of the point where the circle crosses the positive real axis. This new vector is the position vector  of the point . Now, reflect the point  in the line  and draw the position vector  of the point . Reflect the point  in the real axis and draw the position vector  of the point . Construct the perpendicular from the point  to . Measure the length of the position vector , the projection of  onto . Scale  up by a factor equal to the length of  (which of course is equal to the length of ). The length of this new vector is . Now, rotate this vector so that it lies on the imaginary axis using the same method described above. This new vector is the position vector  of the point . Now draw the vector  using the parallelogram method (in this case, the parallelogram is a rectangle). Scale this vector down by a factor equal to the square of the length of the vector . This is the position vector of the complex number 
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