Square Remainders
Link: https://nrich.maths.org/15159
1)  Show that every odd square leaves remainder 1 when divided by 8, and that every even square leaves remainder 0 or 4.
Every odd number is either 1 less or more than an even number. To solve this problem, I will choose to denote an odd number in the form (2x+1) or (2x-1).  
If an odd number is squared, its result must be odd as an odd multiplied by another odd will always be an odd.
This can be shown by many examples including:
3 * 5 = 15
9 * 7 = 63
11 * 11 = 121
Using the notation above, if an odd number is squared then the two possible results are either:
(2x+1)2 = 4x2 + 4x + 1
(2x-1)2 = 4x2 – 4x +1
With both results we cannot divide by 8 without remainders. If we chose to divide by 8 this would be possible as the 4x2 +/- 4x could be scaled up to fit a multiple of 8, and it would be possible to divide by 8 evenly. However, we cannot do so as our expression ends in a 1, so we will always have a remainder of 1, when we divide an odd square number by 8.


However, if we divide an even square number by 8, we would either end up with a remainder of 0 or 4. This problem is much easier to understand than compared to odd numbers. In this problem, I will denote an even number as (2x). After squaring an even number, we will obviously, receive an even number because an even multiplied by an even result in an even number. This is shown by the examples:
8 * 8  = 64
16 * 6 = 96
24 * 10 = 240
(2x)2 results in 4x2
As 4 is a factor of 8 and 8/4 = 2, in the list of multiples for 4, a common multiple of  8 will occur every other time.
4x  = 4, 8, 12, 16, 20, 24, 28, 32
8x = 8, 16, 24, 32
Therefore, in each even square number when they are divided by 8, there will either be a remainder of 4 or 0 because every 2nd multiple of 4 is a multiple of 8, as demonstrated above. 



2) It is impossible to express a number in the form (8n + 7 ) as the sum of three squares. There are four different possible arrangements of which squares we choose: odd or even. I have not considered order of placement of even or odd as this does not affect the sum. From the previous part of the question if we remind ourselves of the various remainders of each odd/even square when divided by 8, we can use these remainders to see if it is possible to obtain a remainder of 7.
a) Odd + Odd + Odd = 1 + 1 + 1 = 3
b) Odd + Odd + Even = 1 + 1 + 0/4 = 2/6
c) Odd + Even + Even = 1 + 0/4 + 0/4 = 1, 5, 9
d) Even + Even + Even = 0/4 + 0/4 + 0/4 = 0, 4, 8, 12
None of these combinations of both odd and even squares results in a total of remainders with 7, thus it is impossible to express a number in the form (8n + 7 ) as the sum of three squares.




