Sum of Squares
The Problem: 

Prove that 3 times the sum of three squares is also the sum of 4 squares – Lewis Carroll.

The Solution: 

Firstly expressing the problem with algebra yields the following:

Prove that: 3(x2 + y2 + z2) = a2 + b2+ c2 + d2, where z ≥ y ≥ x
Substituting some strategic values of x, y and z into the equation may show a pattern. Setting x = 1 and y = 2, and then increasing z’s value from 3 upwards yields:
3(12 + 22 + 32) = 62 + 22 + 12 + 12  

3(12 + 22 + 42) = 72 + 32 + 22 + 12 
3(12 + 22 + 52) = 82 + 42 + 32 + 12
3(12 + 22 + 62) = 92 + 52 + 42 + 12
3(12 + 22 + 72) = 102 + 62 + 52 + 12
And a pattern is obvious, and a conjecture could be made that:

3(12 + 22 + z2) = (z + 3)2 + (z – 1)2 + (z – 2)2 + 12
Proof:

3(12 + 22 + z2) = (z + 3)2 + (z – 1)2 + (z – 2)2 + 12

=> 15 + 3z2 = (z2 + 6z + 9) + (z2 – 2z + 1) + (z2 – 4z + 4) + 1
=> 15 + 3z2 = 3z2 + 15 

                                    Q.E.D

Now changing the y-value to 3 and increasing the z-value from 3 again we obtain: 

3(12 + 32 + 32) = 72 + 22 + 02 + 22  

3(12 + 32 + 42) = 82 + 32 + 12 + 22  

3(12 + 32 + 52) = 92 + 42 + 22 + 22  

3(12 + 32 + 62) = 102 + 52 + 32 + 22  

3(12 + 32 + 72) = 112 + 62 + 42 + 22  

Yet again a pattern emerges, and we can conjecture that:

3(12 + 32 + z2) = (z + 4)2 + (z – 1)2 + (z – 3)2 + 22  

Proof:

3(12 + 32 + z2) = (z + 4)2 + (z – 1)2 + (z – 3)2 + 22

=> 30 + 3z2 = (z2 + 8z + 16) + (z2 – 2z + 1) + (z2 – 6z + 9) + 4

=> 30 + 3z2 = 3z2 + 30

                                    Q.E.D

Comparing the general formulas for 3(12 + 22 + z2) and the formula for 3(12 + 32 + z2) we get:

(z + 3)2 + (z – 1)2 + (z – 2)2 + 12 … Formula (1)
& (z + 4)2 + (z – 1)2 + (z – 3)2 + 22 … Formula (2) respectively. 

Since the only change between the two formulas is an increase in the y-value by 1 in Formula (2). We can re-write the second formula as:
(z + (3 + 1))2 + (z – 1)2 + (z – 3)2 + (2 – 1)2  

And we notice a relationship between x, y & z and a, b, c & d

We can therefore conjecture that:

(x + y + z)2 + (z – x)2 + (z – y)2 + (y – x)2 
Conjecture:

3(x2 + y2 + z2) = (x + y + z)2 + (z – x)2 + (z – y)2 + (y – x)2 
Proof:

L.H side = 3x2 + 3y2 + 3z2  

R.H side = (x + y + z)2 + (z2 – 2xz + x2) + (z2 – 2yz + y2) 
                                                                 + (y2 – 2xy + x2)

               = 2z2 + 2y2 + 2x2 – 2xz – 2yz – 2xy + (x + y + z)2 
               = 2z2 + 2y2 + 2x2 – 2xz – 2yz – 2xy 
                 + (x2 + xy + xz + xy + y2 + yz + xz + yz + z2)
               = 3x2 + 3y2 + 3z2 
R.H = L.H 



Q.E.D
