


















Generally, all positive integers n can be divided into groups of
	
	
	forms
	Examples

	i)
	odd numbers

	n (odd)
	13,15,19,21,1001,123456789, …

	ii)
	multiples of 4, +2
	n=4m+2
	6,10,14,18,26,1026, …

	iii)
	multiples of a prime p, p2

	n=mp 
	20(p=5),22((p=11),31(p=31),1000(p=5),2009(p=7), …

	iv)
	powers of 2
	n=2m
	2,4,8,16,8192, …


(table 1)
Remark: no positive integers may be divided into all four groups, but any positive integers can be divided into at least one group. 
Then, the following table shows us how to write a positive integer as the sum of two or more consecutive positive integers.

	
	forms
	polite numbers´ notation
	proof
	examples

	i)
	n (odd)
	If n is odd, then n can be written as:

n=m+(m+1), 

with 
	
	555=277+278,
13=6+7,
19=9+10, etc.

	ii)
	n=4m+2
	If n=4m+2,  then n can be written as:

n=(m-1) + m+
(m+1)+(m+2)=
4m+2, with 







	
	18=3+4+5+6,
34=7+8+9+10,
66=15+16+17+18,
262146=65535+ 65536+65537+ 65538

	iii)
	n=pm 
	If n is a multiple of a prime p, with p2, then n can be written as:



	see below
	see below

	iv)
	n=2m
	unknown
	/
	/



iii) proof:  
n=pm=               
example:
28=p*m=7*4= = 


Find the two consecutive sums which produce the polite numbers 544 and 424.
According to the method iii), using factorization, 544=pm =17 x 32 = 
424=pm=53 x 8=(8+26)+(8+25)+(8+24)+ … +      +(8-25)+(8-26)= 34+33+32+31+30+29+28+27+26+25+24+23+22+21+20+19+18+17+16+15+14+13+12+11+10+9+8+7+6+5+4+3+2+1+0-1-2-3-4-5-6-7-8-9-10-11-12-13-14-15-16-17-18=18+19+ …+ 33+34= 442



1000=pm= 5 x 200 = 

1001=pm=7 x 143=  or according to the method i), since 1001 is odd, 500+501=1001, too.






Can you find any numbers which are not polite?  Yes. All powers of 2 are impolite numbers.

There is actually a rather simple rule which determines whether a given number is polite. Can you find this rule? Can you prove that this is the case?
Proof by contradiction:
At first, we assume that all positive integers are polite. Hence, they can be presented at least in one way listed in table 1. For instance, only group iii) (multiples of a prime p, p2) actually already includes every positive integers, since every positive integers n are at least divisible by n and 1 or square numbers n2 , which are at least divisible by 1, n and n2. 
But in group iii), we defined the multiples of a prime with the exception of the even number 2.  Therefore if a given positive integer is a power of 2 (n=2m), it can only be factorized in 1, n and n2, and as result, 2m cannot be divided into any of groups i), ii) or iii). As a conclusion, it can be said, that all positive integers, without powers of 2, are polite.




 
