Problem: More Number Pyramids 

Solution: 

If we first consider the original number pyramid and we call the starting number a, and following the pattern of numbers generated by the number pyramid we can write the pyramid as follows:

(8a + 12)
(4a + 4)   (4a + 8)
(2a + 1)   (2a + 3)   (2a + 5)
                                                                (a)       (a + 1)     (a + 2)      (a+3)

We can see that the number at the top is governed by the function, f (a) = 8n + 12. This can be reduced down to f (a) = 4 (2n +3). This would suggest that for any whole number a, f (a) would be a multiple of 4. We can prove this using induction:

Assume that for a=k,
   So f (a) is a multiple of 4
       → (8k + 12) is a multiple of 4

Prove true for a = k + 1,
    a= k + 1, f (k+ 1) = 8(k + 1) + 12
                    f(k + 1) = 8k + 20

f (a + 1) – f (a) = (8k +20) – (8k + 12)
f (a + 1) – f (a) = 8
f (a + 1) – f (a) =  2 x 4
f (a + 1) – f (a) =  M(4)

Show true for n=1, 
f(1) = (8 x 1) + 12
f(1) = 8 + 12
f(1) = 20
f(1) = 5 x 4
f(1) = M(4)

As f (k + 1) – f (k) = M(4), if f(k) is a multiple of 4, then by implication f (k + 1) is also a multiple of 4, and as f (1 ) is a multiple of 4, f(n) is a multiple of 4 for all n≥0.
This means that the number at the top of the pyramid will be a multiple of four, and follows the arithmetic progression which has nth term an= 12 + 8a. This progression has a specific set of terms, which is infinite as a can be infinitely large. When a is a whole number, an can only be certain numbers, which are positive or negative multiples of four, whether a is a positive or negative integer. When a is a positive or negative decimal, f(a) can be any real number.

The function f (a) = 8n + 12 gives us a quick way of finding the starting number, a. We can use f (a) to find a, for example:

F (a) = 20 
→ 20 = 8n + 12
       8 = 8n
       n = 1, as given by the number pyramid.
We can extend the algebra used earlier to find a general function for each layer of the number pyramid, for any starting number a, a common difference between the terms on the bottom layer d, and for a term number n along any layer.

Layer 1 is the arithmetic sequence a, a+1d, a+2d, a+3d, a+4d ... This can be generalised to the arithmetic sequence a + (n-1) d. (*)
Layer 2 is the arithmetic sequence 2a + d, 2a +3d, 2a + 5d, 2a + 7d ... This can again be generalised into an arithmetic sequence, 2a + (2n-1)d. (**)
Layer 3 is the arithmetic sequence 4a +4d, 4a + 8d, 4a + 12d ... This can be generalised into the arithmetic progression 4a + 4nd. (***)
Layer 4 is the arithmetic sequence 8a +12d, 8a + 20d, 8a + 28d ... This can generalised into the arithmetic progression 8a + (8n + 4)d. (****)
This can be extended to as many layers as needed. A fifth layer would give the arithmetic sequence 16a +32d, 16a + 48d, etc. This sequence can be generalised to 16a + (16n +16)d. (*****)

These generalised sequences allow a pattern to be found between the general formulas, which should give us a general formula for a number pyramid with any number of layers, any starting number, and any general arithmetic sequence on the bottom layer, which means that the generalised version would work if the bottom layer went up in threes, fours, tens, etc.

(*) can be written as 1(a + (n-1)d)
(**) can be written as 2 (a + (n-1/2)d)
(***) can be written as 4(a + (n)d)
(****) can be written as 8(a + (n+1/2)d)
(*****) can be written as 16(a + (n+1)d)
Writing the generalised formulas for each layer in this way allows us to see the pattern in the formulas. The coefficients of the arithmetic formulas follow a geometric sequence, as the sequence 1,2,4,8,16 can be written as 1x2L-1, where L is the layer, with L=1 being the bottom layer. The numbers within the brackets also follow a sequence, as -1, -1/2, 0, 1, 1/2 is an arithmetic progression with general formula -1 + (L-1) 1/2, where L is the layer number. This then allows a general formula to be formed. Let the general formula be g(a,L,n,d).

g(a,L,n,d) = 1x2L-1x(a + (n-1 + (L-1) ½)d)
g(a,L,n,d) = 1x2L-1x(a + ½ (2n-2 + (L-1))d)
g(a,L,n,d) = 1x2L-1x½ x(2a +  (2n-2 + (L-1))d)
g(a,L,n,d) = 1x2L-2x(2a +  (2n+L-3)d)
g(a,L,n,d) = 2L-2(2a +  (2n+L-3)d)

Therefore the general formula for a starting number a, common difference between the terms of the bottom layer d, number in layer (from left) n, and layer number (from bottom layer) L is g(a,L,n,d) = 2L-2(2a +  (2n+L-3)d). This general formula gives us a quick way of finding a, as long as the other three variables are known. If you start with a whole number, some numbers will always be impossible to get as the top number will always be multiples of a power of 2, making some numbers impossible to get at the top if you start with an integer.








