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First, I took triangular configurations of numbers from 1 to 2 up to 1 to 6 and I counted the number of possible paths 1-2, …, 1 – 6.
For the first configuration:
  1

1 2 1
there are three possible solutions (one vertical and two on the last line)
For numbers up to 3, the number of solutions is calculated in the following manner:
  1 2 3 4 5
1     1

2   1 2 1

3 1 2 3 2 1
· one vertical solution

· 2 solutions on the bottom row

· 2 * 2 solutions (rows 2-3 columns 2-3 and 4-5)
So, here there is a total of 7 solutions.
For a set of numbers up to 4, I have the following combination:

  1 2 3 4 5 6 7

1       1

2     1 2 1

3   1 2 3 2 1

4 1 2 3 4 3 2 1
· one vertical solution

· two solutions on row 4

· 2 *3 solutions on rows 2-4 and columns 3-4 and 4-5
· 2 * 3 solutions on rows 3-4 and columns 2-4 and 4-6

There is a total of 15 solutions.

For 5 numbers I have:
  1 2 3 4 5 6 7 8 9
1         1

2       1 2 1

3     1 2 3 2 1

4   1 2 3 4 3 2 1

5 1 2 3 4 5 4 3 2 1
· one vertical solution

· 2 solutions on the bottom row

· 2 * 4 solutions on rows 2-5 and columns 4-5 and 5-6

· 2 * 6 solutions of rows 3-5 and columns 3-5 and 5-7

· 2 * 4 solutions on rows 4-5 and columns 2-5 and 5-8
There is a total of 31 solutions.

For 6 numbers, I have:
  1 2 3 4 5 6 7 8 9 10 11
1           1

2         1 2 1

3       1 2 3 2 1

4     1 2 3 4 3 2 1

5   1 2 3 4 5 4 3 2 1

6 1 2 3 4 5 6 5 4 3 2 1
· one vertical solution

· 2 solutions on row 6

· 2 * 5 solutions on rows 2-6 and columns 5-6 and 6-7

· 2 * 10 solutions on rows 3-6 and columns 4-6 and 6-8

· 2 * 10 solutions on rows 4-6 and columns3-6 and 6-9
· 2 * 5 solutions on rows 5-6 and columns 2-6 and 6-10
There are 63 solutions.

In the table below are written the numbers and the corresponding number of circuits and how they were obtained:

	Number
	Circuits
	

	2
	3
	= 1 + 2

	3
	7
	= 1 + 2*3 = 1 + 2 (1+2)

	4
	15
	= 1 + 2*7 = 1 + 2 (1+2+22)

	5
	31
	= 1 + 2*15 = 1 + 2 (1+2+22+23)

	6
	63
	= 1 + 2*31 = 1 + 2 (1 +2 +22 + 23 + 24)


For n, the prediction is:

n ( 1 + 2 (1 + 2 + 22 + …+2n-2) = 1 + 2 + 22 + 23 + 2n-1 = 2n – 1
Verifying with the formula the results obtained before, I observe that the pattern works..
In fact, to be rigorous, I must use induction. Up to now, I found the pattern and I “guessed” the result. The next step is to suppose the formula valid for n, and to demonstrate it for n+1. 
This must be done as follows:

                 1

               1 2 1
                 .

                 .

                 .

       1 ... n-1 n n-1  ... 1
     1 2 ...  n n+1 n   ... 2 1
The blue triangle is the case corresponding to n. For it, there are 2n-1 paths. The task is to demonstrate that adding the last line, and adding to all paths ending in n the segment joining n from the centre of the last but one line with n+1 from the last one (that are 2n-1), I have to add another 2n paths, all starting in a different “1”, and ending in “n+1”. Due to the symmetry of the problem, one could work in the left, or in the right part of the figure, to find 2n-1 paths. I didn’t-t manage to count them, but from the cases studied I-m sure the formula for the number of paths is correct.
