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I represent the complex number z and w in the complex plane:

[image: image1]
In this representation, working with complex numbers is similar to working with vectors.
The two complex numbers can be added and subtracted as vectors. So, to subtract them, it is the same as adding one to the opposite of the other. The result is represented in the figure.
ZOW is a triangle. So,

ZW + WO > ZO

Or


ZW > ZO – WO

Now, I change the notations of the sides of the triangle with those from the problem:


|z – w| > |z| – |w|

But as angles ZOx and WOx could be equal, situation when the triangle is degenerate to a line; then the relation becomes:


|z – w| ≥ |z| – |w|

which is exactly what I had to prove. 
For the second part of the problem, I have to prove that:


|eiα – eiβ| ≤ α - β
I start from the definition

eiα = cosα + isinα 

So I have to prove:

|cosα + isinα – cosβ – isinβ| ≤ α – β

Using again the representation of complex numbers is the plane (Argand diagram), the previous relation could be written, using the figure below, as:


AB ≤ α – β

[image: image2]
The two complex numbers (A and B) are both situated on the same circle, of unit radius: 
sin2a + cos2a = 1

In fact, eiα  corresponds to a complex number of unit modulus.
Angle AOX is α and angle BOX is β. The value of |cosα + isinα – cosβ – isinβ| is segment AB. Now, I shall calculate AB. Triangle OAB is isosceles. So, it is easier to calculate firstly half the segment AB.
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But I know that OB = 1, and I have:
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Changing AB with its corresponding value, I have to prove that:
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I have to prove that sin x ≤ x.

In the figure below (plotted with Matlab), the green line represents the graph of y = x, and the blue one, y = sin(x). It is clear that sin x ≤ x.
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