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1. First, I have to prove that:


cosh2 x – sinh2 x = 1
Now, I shall use the definitions of  cosh x and sinh x:
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Calculating cosh2 x – sinh2 x, I obtain:
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which is the result I had to prove.

2. In the second part, I have to prove that:

sinh 2x = 2sinh x cosh x
I know that:
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and
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The two results above are equal, so I have proved that: sinh 2x = 2sinh x cosh x
3. I have to prove that:

sinh(n+1)x = sinh nx cosh x + cosh nx sinhx

Starting again from the definition, I can write the following expression for the terms:
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And:
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So, I have proved that:

sinh(n+1)x = sinh nx cosh x + cosh nx sinhx.

4. I have to prove the following inequality.


sinh nx ≥ n sih x
This could be demonstrated using induction.

It is clear that for n = 1 I obtain an equality, so I look to prove it for n = 2. Then, I shall consider it true for n and prove for (n+1).
For n = 2, the inequality to be proved is:

sinh 2x ≥ 2 sinh x

I know that for x ≥ 0:
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I have to prove that:
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or:
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But the product in the left side of the inequality is:
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Examining the graphs of sinh x and coshx for x ≥ 0, that I do not reproduce here, I saw that the inequality holds for each x > 0, and for x = 0 both terms of the product are 0.

Now I go further, supposing the relation true for n:

sinh nx ≥ n sinh x, 

and looking for a demonstration for n+1, i.e.:


sinh (n+1) x ≥ (n +1) sinh x 

I develop the expression in the left member, using the identity demonstrated at point 3. in the problem:

sinh(n+1)x = sinh nx cosh x + cosh nx sinhx.

I use the relation I must demonstrate, supposed to be true for n: sinh nx ≥ n sinh x.

So:


sinh(n+1)x ≥ n sinh x cosh x + cosh nx sinhx

From the examination of the graphical representation of the function cosh x as a function on x, I see that always cosh x > 1 (for any n ≠ 0), and cosh x ≥ 1. In this situation, both cosh x and cosh nx ≥ 1, and the previous inequality becomes:

sinh(n+1)x ≥ n sinh x +  sinhx


sinh(n+1)x ≥ (n + 1) sinh x,      q.e.d.
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