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Circles ad infinitum:

a) Find the sum of the circle’s circumference. 
b) Find the sum of the circles areas. 

c) Which sum grows faster?
To express the circles’ circumferences and areas as series, we must find the ratio between the circles’ diameters:
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 We know that y + z + 180 = 360o

           y + z = 180o


∵ the large triangle is equilateral, we know that z = 60.



∴ y = 120o
We also know that x = y – 90


∴ x = 30o
   


If a = the base of the right angled triangle in Fig. 2
   
    b = ½ of the equilateral triangle’s base.

We know that b = 2a

As the green triangle drawn is a right-angled triangle, by basic trigonmetry:  
a = cos(x)
∵ x = 30,  a = cos(30)


    a = (√3)/2



   ∴b = √3

If h = the hypotenuse of the rightangled triangle in Fig. 3 
By Pythagoras’ theorem:


b2 + 12 = h2 
∴   √(3+1) = h
               2 = h 
We know that the diameter of the largest circle 2, and that the sum of the circles’ diameters = h +1
    = 3 
              If we consider the diameters of the aligned circles as a geometric progression, we can state ∑ 1∞ = 3
If we take the sum to infinite terms of any sequence to be ∑1∞ = U1 / (1 - r), where r = the common ratio, and U1 = the diameter of the largest circle.
∴ we can say   3 =  2 / (1-r)

3(1–r) = 2

           
3 – 3r = 2


3r = 1


r = 1/3
∴ we can describe the sequences of the diameters’ of the aligned circles as 

Un = 2(1/3)n-1
(continued on next page)

a) If a circle’s circumference is described by πd, where d = the diameter, we can describe the diameters of the circles as the geometric progression: Un = 2π (1/3)n-1

∴ we can say ∑1∞ = 2π / (1-(1/3))






 = 2π / (3/4)






 = 8π / 3






 = 8.378 (3d.p.)
b) If a circle’s area is described by πr2, where r = the radius, we can describe the radii of the circles as the geometric progression: Un = 12π(1/3)n-1

  = π(1/3)n-1
∴ we can say ∑1∞ = π / (1-(1/3))


= π / (3/4)


= 4π / 3


= 4.189 (3d.p.)
c) ∴ the sum of the circles’ circumferences tends to 8.378 and sum of the circles’ areas tends to 4.189, it is clear that the former must increase faster than the latter, 


∴ the sum of the circles’ circumferences grows faster. 
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