What are the dimensions of the biggest possible cylinder you can make from a sheet of A4 paper?

N.B. This solution was reached by James Nicholson (who is 13) with the guidance of Tom Pearson (who is 16); it is Tom who typed up this solution, so I hope the age given is not misleading.
Following on from the hint, we realised the four ways possible to make the cylinder so that as much of the paper was used as possible. 

First we tried letting the width of the paper (210mm) be the circumference of the cylinder. We had to cut the circles next to one of the widths, and as c = πd or d = π / c, the diameter of the circles had to be:

210 / π = 66.8mm

The remaining length of the paper became the height: 

296 – 66.8 = 229.2mm

The radius is half the diameter, which is 33.4mm. The volume is then:

πr2h = π * 33.42 * 229.2
= 803262mm3

If the length of the paper (296mm) is made the circumference, the calculation is very similar. This time, the circles are cut next to one of the lengths. The diameter is instead 296 / π = 94.2, as in this diagram:
The volume of this cylinder would be π * (94.2 / 2)2 * 115.8 = 807050mm3.
If the width (210mm) is used as the height, the circles must be cut next to a width. The longer side’s length will be divided into the diameter of the circle, and the remaining rectangular part after the circles are cut away is wrapped around to form its circumference. These two parts, according to c = πd, must have lengths in the ratio 1 : π. Therefore, the cylinder’s base’s diameter will be 1 part in (π + 1) parts of 296.
d = 296 / (π + 1) * 1 
[(total) / (no. of parts) to give 1 part]

= 71.5 mm
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This cylinder’s volume is π * (71.5 / 2)2 * 210 = 842477mm3.

When the 296mm length is the height of the cylinder, diameter is 1 in (π+1) parts of 210 instead.

d = 210 / (π + 1)
=50.7mm
[image: image2]
This final cylinder’s volume is π * (50.7 / 2)2 * 296 = 597703mm3.
Once again, the four cylinder volumes, using as much of the paper as possible:

Base circumference = 210mm → Volume = 803262mm3
Base circumference = 296mm → Volume = 807050mm3
Height = 210mm → Volume = 842477mm3
Height = 296mm → Volume = 597703mm3
Therefore the biggest possible cylinder has a height of 210mm and a base radius of 35.7mm (to 1dp).
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