 N.B. This is a first draft, I’m still holding out for a better proof
If n = n^1/n, I first assert that for an n>1, n^1/n is larger than 1 by the following inequality:

 n>1 Raising both sides to the power of 1/n yields n^1/n>1^1/n. No matter what the value of 1/n, n^1/n is larger than 1. Therefore, one could make n^1/n=1+R. As n^1/n is always larger than 1, R is always a positive real number. Now, raising both sides to n one obtains:

n = 1 + nR + ½(n)(n-1)R^2 …

(Incidentally, n>nR, therefore R<1 therefore n^1/n<2)

As n is an integer larger than one, at least the third term of expansion must exist. It is clear that:

n>½(n)(n-1)R^2

2n/(n(n-1))>R^2

2/(n-1)>R^2

{2/(n-1)}^1/2>R=n^1/n – 1

 n^1/n< {2/(n-1)}^1/2

To prove that n^1/n approaches 1 as n ( ∞, we remember that for n>1, n^1/n>1. Relating this fact to the following
1 < n^1/n < 1+ {2/(n-1)}^1/2

Now it remains to be proven that as n ( ∞   , 1+{2/(n-1)}^1/2 ( 1. One  needs to show that as n increases, {2/(n-1)}^1/2 ( 0. If this is true, we can pick an n such that 0<|{2/(n-1)}^1/2| < E <1for any 0<E<1 given. It follows that as long as n>1 + 2/E^2 this contract holds true. We see that as E ( 0, n must approach greater values ie n>s, where s=1 + 2/E^2. Therefore, as long as we pick a large enough n, {2/(n-1)}^1/2 will approach 0, but not pass it; we can make the expression as close as is desired to 0 by choosing a sufficiently large n. As we are taking a positive square root, and n is always more than one, this expression could not ever be less than 0. Thus as {2/(n-1)}^1/2(0, n^1/n must approach 1. We have already asserted that n^1/n can be no less than 1 for n>1.
As a corollary, I will show that {2/(n-1)}^1/2 grows smaller for successive values of n>1. Assume that for some positive B, +{2/(n-1)}^1/2<+{2/(n+b-1)}^1/2. Now if this is to be true 1/(n-1)<1/(n+b-1), therefore n-1>n+b-1, therefore b<0, contrary to our conditions. Therefore the assertion that for some positive b the value of the function increases is fallacious. This will prove useful later.
Now to prove that 3 is the value of n pertaining to the maximum of this discrete function, I will (rather clumsily I suppose), find and n such that 1+{2/(n-1)}^1/2

Is less that the cube root of 3. From that point onwards, it is known that for successive values {2/(n-1)}^1/2 decreases, therefore beyond this point the value of n^1/n decreases; more importantly, is less than 3^1/3. From there all that remains to be prove is that the n^1/n for values of n between this “limit” value of n and 3 are all less than 3^1/3. This is clumsy I suppose, but hopefully this n is not too large. 

3^1/3>1+{2/(n-1)}^1/2

(3^1/3 -1)^2>2/(n-1)
n>1+2/(3^1/3 -1)^2>10

For n=10 this holds true, as it will for subsequent values. The “in-between” values have been checked and are less than 3^1/3. In order to get around the clumsy nature of this method I tried using the quadratic formula on n> 1 + nR + ½(n)(n-1)R^2. I got a slightly better “limit” of 5, but I’m not as confident with this method as induction proves slightly more difficult.

As a little bit of conjecture I noticed that 2^1/2=4^1/4. I took a more calculus like approach in proving that these were the only whole number solutions to the base equation an=a^n, but then I noticed that this is the essence of one of this months questions, so Ill shift my attention towards that.

I hope this provides an adequate proof, but I’m sure I’ve missed a more elegant way of doing it.

Exponential Trends

G(x)=e^(f(x)) 

By the chain rule:

G’(x)=(e^(f(x))*f’(x)

If the gradient function of f(x) approaches 0, the gradient function of G(x) also approaches 0 as it is determined be the product of itself and the gradient function of f(x).

To answer the question of turning points of H(x)=x^1/x, lets first find the derivative:

H(x)=x^(M(x))

Putting this to the base e:

H(x)=e^(lnx^(M(x))=e^(M(x)lnx)=e^((1/x)lnx)

Using the chain and product rules:

H’(x)=[(-x^-2)(lnx)+x^-2]e^((1/x)lnx)
H’’(x)= [(-x^-2)(lnx)+x^-2]((2x^-3)(lnx)-(x^-3)-(2x-2))[(-x^-2)(lnx)+x^-2] *e^((1/x)lnx)

So when does H’(x)=0? Well, when the coefficient is equal to 0, which is when:

[(-x^-2)(lnx)+x^-2]=0, ie when lnx=1. Therefore a turning point is situated at x=e. To prove this is a maximum the second derivative could be used. More easily, one could note that in H’(x), e^((1/x)lnx) always has to be positive. Also note that if x<e, lnx<1 therefore the coefficient is positive for all 0<x<e. Furthermore, note that when x>e, lnx>1, therefore the coefficient is negative for all x>e.
To prove that:

Lim x^1/x ( 1 as x(∞ we may use a similar proof to that for n. Notice again, that for all x>1, x^1/x>1. This is proven above and is not dependant upon whether x is an integer or not. Therefore, once again we can claim x^1/x = 1+R:
x = 1 + xR + ½(x)(x-1)R^2 …

As x>1, the third term must exist (granted x may not be an integer). Either way, we can say that

 x>½(x)(x-1)R^2

And eventually;

1<x^1/x<1+{2/(x-1)}^1/2

Now, as above it is clear that as x(infinity, {2/(x-1)}^1/2 must approach 0. Therefore one can say that x^1/x(1.

What if x(0? Well, as suggested in the question, letting 1/x=t in x^1/x, one can note that as x(0, t(infinity. As we assume that 0<x<1, x to a large power is even smaller (non-technical I know)(0<x^t<E<1 as long as one chooses an x<E^x). Another way of seeing this is if t=1/x, then this above limit is the same as saying 1/t^t(0 as t(infinity. In this expression it is easy to see that as long as one can make t^1/x<E true for any E>0, provided a large enough value of t is chosen. This is analogous to the expression in x which would read “as long as one chooses a small enough x>0”.
The last question depends on what one means by “under the curve”. Does this mean “not touching”. Perhaps I have missed something out. But here is my answer:

If you mean not touching, as x^1/x has an asymptote at y=0 (as we have asserted), and y=1, the line y=0 would fit.

Pitchfork

If x^y=y^x, before even starting I will venture that it is symmetrical on y=x. Why? Well because it is in fact its very own inverse. Why? By swapping y and x, one gets the very same expression.

Secondly I say that there must be some ‘component’ of the graph that resembles y=x. Why? Well it can clearly be seen that if y=x=a, the expression a^a=a^a comes about. This is obviously true.
There are more subtleties at play however. Looking at the exponential trends graph helps to explain the apparent hyperbola. For x^y=y^x, taking the xth and yth root of both sides the following equation comes about: x^1/x=y^1/y. 

If one assumes that x and y are not equal, this equation is effectively the same as finding alternative solutions to x^1/x i.e. finding an a not equal to x for which a^1/a=x^1/x. If one were to draw a y=c, this would be the same exercise as finding the x intercepts of the curve x^1/x and that line.

If such a line y=c were to intercept the curve, note that there is a maximum at x=e. Thus, if a^1/a=b^1/b, and if a>e, then b<e (the two intercepts either side of e). Also note that such a b>1, for no matter what power you raise a number less than 1 to, the result it always less than one. As has been established, there is no x^1/x<1 for values of x larger than one. Therefore I claim that there are no solutions to the equation x^y=y^x for which x or y are less than one.
Furthermore, it is necessary to say that for an x^1/x, there is AT MOST one solution. This conclusion is easily arrive at by the fact that for x>e, the gradient function is always negative, thus if y=c when x=a and x=b, there is no other intercept as the curve will never equal c again for x>b. Similarly, the gradient is always positive for 0<x<e, thus no alternative solutions here.

Now, if there was an a 1<a<e, as a(1, y(1. The corresponding b value would grow infinitely large as was proven above; as x(infinity, x^1/x(1. Thus I say that this pitchfork graph must have asymptotes at y=1 (and x=1 for we have asserted it is symmetrical).

Now, the point of symmetry. It was asserted that an x value has AT MOST 2 solutions. There is a case where only one solution is possible. As was seen in exponential trends, the maximum of the curve occurs where x=e. Thus, for a y=e^1/e, there is only 1 solution as this is the maximum. Thus I say that the only possible other solution is for y=x.
As a corrolary, I will prove that the only integer solutions to an x^1/x=y^1/y where x and y are not equal are 2 and 4 i.e 2^1/2=4^1/4.

Let y>x. Let x and y both be integers >1. Now if x^1/x=y^1/y, it follows that x^(y/x)=y. Let y/x=a>1(if a=1 then x=y also assume a is an integer, for x and y must share all factors for x^y=y^x to be true (all prime factors on the left must be present on the right). Therefore x|y, therefore y/x=a is integer). ax=x^a. Let x=1+m.
a + am= 1+am+1/2a(a-1)m^2

as a  >1, we can say that a-1 >= m^2*1/2*a(a-1).

Therefore m =< {2/a}^1/2. As a>1, m=<1 for we assume m is a positive integer. 1 is the largest and only possible value for m. Therefore x=2. We see that if m=1, a<3. Now we know that 1<a<3 and an integer, therefore let a=2. Substituting this all back in we see that 2^1/2=4^1/4. I would not say this is the most convincing proof however. I suppose I may lack the rigour to make this 100% watertight.
Anyway, I conclude that pitchfork must be symmetrical on x=y, has asymptotes at y=1, x=1, and has a linear x=y component. The components meet where x=y=e.
.

