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To solve the first part of the problem, I used different area formulas for the right-angled triangle. The area of a right angled triangle is A = ab/2 and A = ch/2.

So, ab = ch







(1)
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Applying Pythagoras' Theorem, I obtain: c2 = a2 + b2. I observe that c2 is constant (because it is the diameter of the circle), so a2 + b2 is constant. Now, I have to calculate the maximum of (a + b), keeping (a2 + b2) constant.
Calculating the maximum of (a + b) is the same as calculating the maximum of (a + b)2. But 

 (a + b)2 = a2 +b2 + 2ab 





(2)
As (a2 + b2) is constant, the maximum of (a +b) is obtained simultaneously with the maximum of ab. This means that the perimeter and the area of the triangle inscribed in a semicircle are maximized simultaneously. I have to calculate the maximum of ab. But from relation (1) I know that ab = ch, and c is constant, so I have to calculate the maximum of h. I observe that the maximum value of h is R (the radius of the circle, when triangle ABC is isosceles. So, the maximum value of ab is cR.
Now, I observed that the right-angled triangle ABC has its maximum area and maximum value of (AC + BC), or maximum perimeter (AB = const) when it is isosceles.
Using relation (2), Pythagoras’ Theorem, and knowing that c = 2R, I calculate (a + b):


a + b = √(c2 + 2cR) = √(4R2 + 4R2) =2R√2.

For the second part of the problem, I also used area formulas and the cosine rule.

c2 = a2 + b2 – 2abcosC

So,


a2 + b2 = c2 + 2abcosC

And finally:

(a+b)2 = a2 + b2 + 2ab= c2 + 2ab(1+ cosC)

So, here I also have to calculate the maximum of ab, because c2 is constant, and angle C is also constant (angle C has its vertex on the circle). Two formulas for the area of the triangle are:

A = ch/2

and

A = (ab sinC)/2

So, ch = ab sinC, and ab = ch/sinC

Here I also have to find the maximum of h. This happens when it is the perpendicular bisector of c.
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Now, I try to find the maximum value of (a + b), knowing that ABC is an isosceles triangle with a = b. So,

a + b = √(c2 + 2a2(1+ cosC))




(3)
I shall obtain cosC from two area formulas for the triangle:


A= (ab sinC)/2


A = abc/(4R)



sinC = c/2R



cosC = √(1-sin2 C) = √(4R2 – c2)/(2R)

(4)
Now, I calculate h, using Pythagoras’ Theorem and formulas for the area of the triangle.


ch/2 = (ab sinC)/2


ch = a2 sinC

So, h = a2 /(2R)






(5)

From Pythagoras’ Theorem, I have that 


h2 = a2 – c2/4

From this relation and equation (5) I obtain:


a4/ (4R2) = a2 – c2/4


a4= 4R2a2 – c2R2

a4 – (4R2)a2 + c2R2 = 0

I solve this equation, obtaining:


a2 = (4R2 ± √(16R4 – 4R2c2))/2 = 2R2 ± √(4R4 – R2c2)
a2 = 2R2 ± R √(4R2 – c2)4
The two solutions correspond to possible cases (both are positive), C being situated on the circle, at half distance between A and B, one going clockwise, the other counterclockwise. 
The maximum value of a corresponds to the positive sign, so:

a2 = 2R2 + R √(4R2 – c2)





(6)

So, the maximum value of (a + b) is 2a, i.e.:
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Again, for a given circle and a chord AB, the maximum area and the maximum perimeter of an inscribed triangle ABC correspond to the isosceles triangle, with C situated at half the greatest arc AB. 
A cyclic quadrilateral is formed by two triangles with a common side. (AC). Triangle ABC has the maximum area and the maximum sum of AB + BC when it is isosceles. So happens to triangle ACD. If both triangle ABC and ACD are isosceles, have a common side and are inscribed in a circle, then BD is a diameter.
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Now, with triangles ABD and BCD, I am in the first situation of the problem. Triangles ABD and BCD have the maximum area and the maximum perimeter when they are isosceles. In this case A and C are on the diameter of the circle and ABCD is a square. Its side is R√2, so its perimeter is 4R√2, and its area is 2R2.

This means from the quadrilaterals inscribed in a given circle of radius R, the one with maximum perimeter and maximum area is the square.

This judgement could be extended to any polygon inscribed in a circle, and the following conclusion is valid: from all polygons inscribed in a circle, the polygon having the maximum area and the maximum perimeter is the regular one. 
The same conclusion could be obtained working again the problem, from the beginning, using algebra and trigonometry, and all maxima with derivatives. In fact I started this way, although derivatives are not so familiar to me. I shall write here this solution too, but I think that this is not so elegant, and with much more (even unjustified) work.
For the first part of the problem, c2 = a2 + b2 is constant. So, I obtain b as b = √(c2 – a2). To calculate the maximum of (a+b), I calculate the derivative of:
f1 = a + √(c2 – a2)

and equate it with 0:
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So, a = b: the maximum perimeter of the inscribed right angled triangle is obtained for an isosceles triangle.
For the second part of the problem, I know that:


c2 = a2 + b2 – 2bc cosC

is constant.

From this equation (b2 - 2ab cosC + a2 – c2 = 0), I calculate b:
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So, ±√(c2 – a2sin2C) = b – a cosC
Now, I have to calculate the derivative of (a + b) and equate it with 0:


f2 = a + a cos C ± √(c2 – a2sin2C)
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I observe that f2’ is 0 if a = b, i.e. when triangle ABC is isosceles. I obtained the same result using two completely different methods.
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