WARNING! VERY ROUGH DRAFT!

SPOT THE CARD
Why does the trick always work?

In order to treat this problem mathematically, I will firstly define a few terms:

1. An application is the completion of one trick cycle; the person chooses a column, the columns are piled such that the chosen column in the middle, and the cards are dealt out in rows from left to right (in the case of the original trick, each row contains three columns.

2. r= number of rows in entire arrangement

3. w=width of arrangement

4. p=position

5. If it is said that the position of the card is some p=p1, it is meant that card was the p1st to be dealt out in the last step of the application. Generally, the column a card is in is determined by p mod w. 

6. The ‘entire arrangement’ is the entire array of cards after an application.

7. The ‘test’ card is the card which the subject chose at the beginning of the trick

8. The ‘central position’ is the middle of the entire array is the position where the test card remains after repeated application.

Postulates
1. The new position of the test card after an application is solely dependant upon which row it was in before the application. The column is irrelevant because the subject chooses the relevant column before the application, and this column is stacked and placed in the middle between the other columns.
2.  Let some card A be in the column chosen by the subject and in row h, and another card B in the same column in say row h+k. After an application, if the new position of A is say p=pa, the new position of card B must be p=pa + k. In short B will be dealt out k later that A
3. If a card is in the nth row, p=p1, it is readily seen that the largest multiple of w strictly less than p1 must be (n-1), where n denotes which row the card is in. The row of the position p is n where n= 1+{((p-1) – (p-1)modw)/w}, where the modulus is taken as one of {1,2…,w-1} . n is the largest integer such that nw<p. (p-1 is used in the formula to correct for the possibility that w|p)
4. In general nm+k = nm​ + k (in value), for all integer k. 

5. We are assuming that both w and r are odd numbers, or else there would be     no middle row or column.

6. The trick works because once the test card occupies the central position, it remains there after repeated application. This will be referred to as a ‘stationary position’. If it did not, one could not assure that after a given number of steps the card would be in the centre for the c for the starting position of the target card is variable.
7. The application mathematically entails the following. Add the n of the original   position (p1) to the total number of rows, r, in the entire arrangement (5 in the example case) (this is when the column picked is put in-between the other rows). The new position in the arrangement is p2 = n+r. Therefore, the new row is:  
nm=1+ [((n+r-1) – (n+r-1)modw)]/w
Stuck in the middle

As stated, the trick works because the card in the central position, stays in the central position after further application.

Now, in order for a card to stay in the same row the following must be true for this ‘stationary position’ nm:

nm=1+ [((nm+r-1) – (nm+r-1)modw)]/w

In the case of this particular trick, nm ​is equal to the middle row of the entire arrangement. This is simply (r+1)/2, as r is an odd number. The other requisite for the operation is that the card must end-up and stay in the middle column. Hence (nm+r) mod w ( (w+1)/2. Thus:
nm=1+ [((nm+r-1) – (nm+r-1)modw)]/w
w (nm-1) = (nm​ + r -1) - ​ (nm+r-1)modw 
w(((r+1)/2)-1) = (((r+1)/2)+r-1) – ((w+1)/2)-1 (assuming w>1)
w(r-1)/2  = {(3r-1)/2}– (w-1)/2 
w(r-1) = (3r-1) – (w-1)

wr-w = 3r –w

wr = 3r

3=w

So we see that, in the trick works iff w = 3, and no other value. We have also deduced that this works for any odd r. 

In order to be fully rigorous, it needs to be shown that there is no other such row where the target card will stay after application of the procedure. If this is so, the trick would not work for certain starting positions, as the card would never reach the middle position. Let us call Y the row for which this happens. It will be shown that Y necessarily equals (R+1)/2. If it has this property, the following is true (we know w=3):

3(Y – 1) + 2 = r + Y

2Y - 1 = r

But then Y = (r+1)/2 QED.

But what if the card, however unlikely, becomes fixed in a p mod 3 ( 1 or 0(3)? It will be shown that this is impossible:

3(Y – 1) + 1 = r + Y        

2Y-2 = 2(Y-1)=r

Or 

3(Y-1)+3 = r + Y

3(Y) = r+Y

2Y=r
Both of these cases lead to a contradiction in that 2|r; It is already known that r is an odd number. Therefore the assertion that there exist ‘stationary’ positions p mod 3 =1,2, 0 is false.
Trick length

It is proven that for an odd r and 3=w, the trick works. But, no assertion has been made over the length of the trick:

1. As the middle row n​m​ leads to itself and column 2 regardless of column, at most 1 application is required for the central position starting at the middle row.
2. How does one get to the middle row from another row? What positions lead to the middle row after an application?
By the formulae above:

(nm + r) = 3(nm-1) +2, then:
The row after the middle, nm+1 can be shown to lead to the middle row, right column:
(nm+1 + r) = ((nm+1) + r) =  3(nm-1) +3 

The row before the middle leads to the middle row, left column.

(nm-1 + r) = ((nm-1) + r) =  3(nm-1) +1

Thus, if one starts in the rows immediately above the middle row, one ends up in the middle row after one application. From there, we have already seen that the central position is occupied by the target card after a further application. Using the same reasoning as above, it can be shown that three rows lead into each nm-1 and nm+1 after an application (using the above expressions);
Starting with positions in the nm-1 row and noting (nm + r) = 3(nm-1) +2 and 
3(nm+1)= (nm + r) + 4:

3(nm-1 – 1) + 3 = 3((nm -1) – 1) + 3 = 3(nm-1) + 0 = (nm + r) -2 = (nm-2 + r)
3(nm-1 – 1) + 2= 3((nm -1) – 1) + 2 = 3(nm-1) -1 = (nm + r) -3 = (nm-3 + r)

3(nm-1 – 1) + 1 = 3((nm -1) – 1) + 1 = 3(nm-1) - 2 = (nm + r) -4 = (nm-4 + r)

And similarly:

3(nm+1 – 1) + 3 = 3((nm +1) – 1) + 3 = 3(nm+1) + 0 = (nm + r) +4= (nm+4 + r)

3(nm+1 – 1) + 2 = 3((nm +1) – 1) + 2 = 3(nm+1) -1 = (nm + r) +3= (nm+3 + r)

3(nm+1 – 1) + 1 = 3((nm +1) – 1) + 1 = 3(nm+1) -2 = (nm + r) +2= (nm+2 + r)

Now it follows inductively that for any nm±i , there are three rows which connect to it assuming the arrangement is sufficiently long for them to exist:

(m+i used for brevity. Same principles apply to m-i)
3(nm+i – 1) + 3 = 3((nm +1)+ (i-1) – 1) + 3 = (nm + r) + 4 + 3(i-1)= (nm+3i+1 + r)
3(nm+i – 1) + 2 = 3((nm +1)+ (i-1) – 1) + 2 = (nm + r) + 3 + 3(i-1)=(nm+3i + r)

3(nm+i – 1) + 1 = 3((nm +1)+ (i-1) – 1) + 1 = (nm + r) + 2 + 3(i-1)= (nm+3i-1 + r)

It also follows that nm+i+1 connects the ‘next’ 3 rows, by substuting i=i+1. By this it is meant:

nm+i+1 (  nm+3i+2 nm+3i+3 nm+3i+4
Now, to tackle the issue of length we again note that the following connections take place, using this principle above:
nm+1 ( nm+2 nm+3nm+4

nm+2  (  nm+5 nm+6nm+7
nm+3  (  nm+8 nm+9nm+10
nm+4  (  nm+11 nm+12nm+13

….

nm+i+1 (  nm+3i+2 nm+3i+3 nm+3i+4
As the trick takes 2 applications from nm+1, it must take 3 applications from any of nm+2 nm+3nm+4 (r=5,7,9). But nm+5…………. nm+13 are all connected to these three. So cards within the range nm+5…………. nm+13  (r=11……27) take 4 applications. Each of these is connected to three distinct others, and so on. 
After examining the pattern one finds it to be analogous to a geometric series. Let T denote the maximum amount of applications needed to reach the target position based on a given |i| (from nm±i). T is merely a maximum, for the target card could start at any position, even the middle:
|i|( (3T-1-1)/2 (from sum of geometric series)
{log(2|i| +1)}/{log(3)}+1 ( T, where T is the least number such that this inequality is satisfied. So, the maximum number of moves required for a given arrangement, is the T for the maximum |i| within the arrangement.

Note that the length of the arrangement is (nm+i – nm-i )+1* = 2i+1=r

(*+1 to take account for the middle row). Thus, for an arrangement of length r, the maximum number of moves required is the minimum integer T satisfying:

{log(2((r-1)/2) +1)}/{log(3)}+1 ( T

{log(r)}/{log(3)}+1 ( T

Eg, an arrangement of r=29 (w=3 by necessity):

{Log(29)/log(3)}+1=4.065…< 5 = T

Therefore I predict that the maximum number of moves for this arrangement is 5.

Zodiac
Connected: A number is connected to another, if they are adjacent in a cycle. If (1 2) is one cycle and (2 3) is another, we simplify this to 1(3, or (1 3) in the resultant cycle.
For the general operation tni, the following are generated:
(1,2,3….n)1(1,2,3…n)2……….(1,2,3…n)i
All brackets are identical. In a bracket, for any x ( n, x(x+1 mod n, as all numbers are consecutive in mod n. In the second bracket, we see that any (x+1) mod n ( (x+2) mod n. This pattern in fact continues through all i brackets, as the underlined expression holds true in all brackets. It follows inductively that x((x+i)mod n if all i brackets are simplified. Similarly, as (x+i) mod n ( x1, where 0<x( n , and x1 ( x1 + i, it follows that [x+i]n​​( [x+2i]n, or more generally, [x+mi] n  ( [x+(m+1)i]mod n. So we have the resultant cycle:
(x, [x+i]n , [x+2i]n, ….)
However, this is by no means simplified. Remember that a complete cycle is formed when the last element of a cycle directly connects to the first element e.g. in (1 2 3), 3 connects to 1. When will this occur in the cycle above? Well, the cycle would have repeated if x ( [x+ik]n, where k is the smallest integer such that ik ( 0 mod n. So we can write the complete cycle starting at x as:

(x, [x+i]n, … [(x+(k-1)i]n)  {k elements}
(k-1)i being the greatest multiple of i not divisible by n. 

Remember, however, that x could assume any value mod n. So theoretically, n of these brackets form, each with a different starting value for x. Each however, must contain k elements, as the number of elements in each bracket is independent of the actual numerical starting value.

How many unique brackets form?

If any of the n brackets contain the same element, they are not unique; they are in fact, identical. In the final representation of tni we omit repetitions of the same cycle for simplicity. How is it known that brackets sharing an element are identical? Well consider a case where two brackets, A and B, share an element z. We know that each bracket contains k elements, with consecutive elements [x]n ( [x+i]n as this has already been asserted. If both A and B contain some z then it follows that they contain, apart from z,  [z+1]n, [z+2]n … [z+(k-1)i]n. But these are all the same elements; no integer has two representations mod n. 
After omitting repetitions, the number of brackets remaining is n/k. Why? After the intitial process of combining each bracket, and had n brackets with unique starting value. Any repetitions were omitted. Thus, after removing repetitions, there must be n unique elements in the total brackets remaining. There are no repeated values, as all these have been removed and  there are no omissions, as only the repetitions were omitted. Thus there are n elements, k-length brackets, therefore k/n brackets.
 Another way of looking at is is that for any one A of the k brackets formed, there are k-1 other ‘copies’, representing the same cycle. This occurs because of the n unique starting values, k are elements of A. As proven, if brackets share elements they are the same cycle and conversely if brackets represent the same cycle they contain the same elements. Thus there are n/k unique brackets.

Predicting properties:

 Now the length of this given cycle, k, is the smallest number such that ik=nr, or k= LCM(i,n)/i. Now, if i and n are coprime, the LCM(i,n) = in. In this case the length of the cycle is k=n. This can be seen in the shown values in the question where i and 8 are coprime (eg, i = 5, 7, 3). 

# Proof that if i,n are coprime, then LCM= x = in.

Assume this statement is untrue,. Let d be the LCM. Now d<x or else x would be the LCM as desired. So let d<x. By definition, both i and n must be factors of the LCM. It is to be shown that w=n and y=i must be true: 

iw = ny=d
i/n = y/w

as i and n are coprime, i/n is in its simplest form. Therefore, either y=i and  n=w in which case d = ni = x contrary to the assumption that d<x. Or y=hi and w=hn. If this is true:

d = nhi = xh.

But that means that d>x! So the assumption that d<x= in leads to a contradiction therefore the x=LCM(i,n).
# Proof that all elements of a simplified bracket must be unique; If two elements p,q of a bracket were the same mod n.
[p]n = [q]n 
[p-q]n = 0. But this means n|p-q. Therefore p = q+tki t(0. If this has occurred then a cycle is constructable between[q]n and q+(k-1)I, so the cycle was unsimplified.
Whats a group?

(1) CLOSURE For all elements a and b in the group, the element a*b is also in the group.

(2) ASSOCIATIVITY If a,b and c are in the group then (a*b)*c=a*(b*c).

(3) IDENTITY The group contains an element e, called the identity, such that if a is in the group then a*e=e*a=a (this implies abelian group, does it not?)
(4) INVERSES If a is an element in the group then there is also an element

in the group a', called the inverse of a, such that a*a'=a'*a=e.

1. The operation of subtraction on the set of all positive integers contravenes condition (1). For any x, one may choose some y>x such that x*y<0. But this contravenes the condition that x*y ( G, as any number less than 0 is not a member of natural numbers. The set of all natural numbers with the operation of addition do form a group because for any elements of N, (j and k), j*k>0 and an integer. 

2. A rational number, by definition is expressible as m/n where m,n ( Z n(0. With the operation of multiplication, the following occurs: m/n * t/y = mt/ny. Once again, both the numerator and denominator are integers (also n,y (0), hence closure is achieved. Associativity is true (a*b)*c = (a*b)*c*b*b-1 = a*(b*c), the identity element is 1 and the inverse element   
When one investigates division, one will notice that it fails the test of associativity:

(a/b)/c ( a/(b/c) (except for trivial cases like a=b=c=1)
3. The set of all positive integers fails to form a group due to a contravention of (4). By condition 3, there must exist an identity element such that a*e = a. The only number which fits this requirement for e is 1. By (4) there must exist an a-1 such that a*a-1= e = 1. But for the operation of multiplication a-1 equates to 1/a. But for an a > 1, 0 < a-1 < 1. Then a-1 is not an integer, therefore not a member of the set of all positive integers; therefore a group cannot exist.
4. The set of all positive even integers would also contravene for multiplication (4), but before that stage it is noted that no identity e exists in this set. For any real number, the identity element of multiplication is 1. But 1 is not an even integer, and therefore not a member of the set of all even integers. This contravenes (3).

5. m*n=m+n+1. The identity e, is defined as being an element such that 

m*e= m or (as all the operations that make up * are not affected by order) e*m = m. (   m*e = m = m + e + 1 (  e + 1 = 0 (  e = -1.


The inverse element, m-1, has the property that m*m-1 = e. 

· -1 = m + m-1 + 1

· m-1= -(m+2)

6. m*n=m+(-1)mn. The identity element e must exist:

(m*e= m+(-1)me = m 

( e = 0 (works for e*m as well)

m*m-1= e = 0 = m + (-1)mm-1
m-1 = -m/(-1)m

if m is odd, m-1= m, If even, m-1=-m

7. x*y=xy+x+y in R

x*e= x = xe + x + e

( xe = -e. Assuming e(0, e=-1. But this is not defined in the parameters of the group. Therefore, e=0.

x*x-1= xx-1 + x + x-1 = 0

( x-1(x+1) = -x

(x-1 = -x/(x+1) (hence x ( -1, or else x-1 is not a real number, which  would contravene the properties of the group)
Groups of sets

A*B=(A∪B)-(A∩B)

To prove condition 1:

If A and B are in the group G, they themselves are elements of G; if not they would not be in the group. As S contains all subsets of G:

G = P(G) (power set)

As A(G and B(G, we conclude that A,B ( S (( because A and B are not necessarily proper subsets; they may themselves contain S). Now it must be shown that the result of * is also in G.
The operation A∪B defines the set formed by combining elements of both A and B. Now A and B contain only elements of S. Therefore, the union of these two sets can only contain elements of S. If the union contained some elements other than those in S, A or B or both contain elements other than those in S, contrary to out original condition. It follows that the resultant Set must be a subset of S. But remember that G contains all possible subsets of S. Therefore A∪B(G. (remember that G contains S and (. Therefore, even if A∪B=S or (, the result is in G) 
The operation A(B defines a set of all elements common to A and B. But as A and B only contain elements of S, A(B must contain only elements of S. If the intersection contained some elements other than those in S, both A and B contain elements other than those in S, contrary to out original condition. Therefore A(B is a subset of S. Therefore, A(B(G. (remember that G contains the empty set as well, thus if A and B are disjoint, A(B is still in G).

Putting these two operations together, we find we need to subtract the results. 

Now we assert that:

A∪B ( A(B. Logically, the elements common to A and B can at most be the elements in both A and B, in which case A and B are equivalent. Therefore, in subtracting:
A∪B - A(B ( 0(or rather, ().

So the ‘least’ result of subtraction is the empty set, which we have already seen is in G. 
If A(B then the result of this subtraction must also be elements of S; the union and intersection produce a subset of S; so the elements which are in the union but not the intersection are still logically a subset of S. Therefore the result is in G. 

So, it is seen that the operation has closure.

(2) assumed
(3) What is the identity element?

A*E=(A∪E)-(A∩E)=A

The ( is the only member which has this characteristic.  ( is a member of all sets (bar itself) as if it were not a subset of a given A, it would need to differ by at least 1 element. But it has no elements by which to differ therefore is a subset of all sets. The empty set fulfils the E role as (A∪() = A and (A∩ () = 0 for any A.
(4)The inverse of an A then has the following property:

A*A-1=(A∪A-1)-(A∩ A-1)= ( 

The intersection of the two sets must equal the logical sum of both sets. Thus the elements in both A and A-1 must be the same as the elements common to A and A-1. This is fulfilled if A = A-1. Condition (4) is met.

{1,2,4}*X={3,4}.        

({1,2,4}={3,4}*X-1

( X-1 = {1,2,4}*{3,4}-1

But, X-1=X for any X, so:

X= {1,2,4}*{3,4} = {1,3}

Binary Sequences

For any n number of these tosses, it can be shown that there are some sequences that are never achieved:
1: 1010010101101…..

2: 1110001010011…..

3: 1100101010101…

…………..
…………..

Imagine that all sequences are listed in the diagram above. It can be shown that one can produce at least one sequence that is not in this matching by making a number which differs from each sequence by at least one number. Starting at the first row, take the first number in the sequence. If this number is 1, record 0 as the first digit of a new number. If 0, record 1 (in this case, record 0).

For the second number in the sequence go to the second column of the second row and take the ‘opposite’ of this number (as done above). Continue in this fashion, diagonally, until the nth row is reached. It is certain that this number differs from all others by at least 1 number in the sequence. Therefore the assertion that all sequences are listed would be an erroneous one.
This infinite list of infinite sequences could not be written as an ordered list either; doing so would mean that one would need to find a way of ordering these infinite sequences. If such a method were to exist, one would be able to assign a natural number to each sequence:
1st: 1010010101101…..

2nd: 1110001010011…..

3rd: 1100101010101…

…………..

…………..

So in the list above, every sequence of binary digits is matched to an integer. But, using the diagonal method again, it can be shown that there are always sequences which are never in this matching; sequences cannot be ordered if not all the sequences are listed.
The infinite sequence of terminating sequences can be written in an ordered list because each sequence can easily be shown to correspond to one and only one integer. If one takes the sequence, and converts it into a binary number, a set of unique integers result. For ease, these may be converted into decimals.  Eg

01 ( 1st
10 (2nd
11 (3rd

…….
If one tries to employ the diagonal method on terminating sequences, one cannot produce a number which is not in the matching. The length of any sequence is arbitrarily large, but not infinite. Producing a diagonal sequence ending in the nth row, produces a binary sequence n numbers long. This can be converted into an integer by the process above. Thus, it must be in the listing as every sequence has been assigned to an integer.
I realise this is just about quoting the diagonalisation proof a la Cantor…sorry.
SHUFFLES-SHEFFULS

I think perhaps I have misunderstood the question, but could one not make an arbitrarily large amount of shuffles? If one is allowed to use numbers repeatedly eg:

(1 4)(4 3)

Could one not arbitrarily continue creating and closing cycles? Eg:

(NB Assigning numbers 1(8 to the letters in both words))
(1 4)(2 4)(2 1)…[repeat this sequence an arbitrary amount of times] (3 7 6)
As long as one does the minimum shuffle (3 7 6), the letters are successfully shuffled. One could write:

(1 4)(2 4)(2 1)… (3 7 6)
(1 4)(2 4)(2 1) (1 4)(2 4)(2 1)… (3 7 6)
(1 4)(2 4)(2 1) (1 4)(2 4)(2 1) (1 4)(2 4)(2 1).. (3 7 6)

(1 4)(2 4)(2 1) (1 4)(2 4)(2 1) (1 4)(2 4)(2 1) (1 4)(2 4)(2 1)…… (3 7 6)

As I say, I have probably misunderstood the question. Sorry…

