Golden Fractions
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The sequence X is defined: Xn+1 =    1    
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with X1 = 1. First it is noted that all X​n are positive. This can be proved to be so through induction. 

Let Xk​ >1. Xk+1  =        1       
                               1 + Xk

As X​k >1 ( Xk + 1 >2>0 (The denominator is positive. As the numerator is clearly positive, Xk+1  > 0. To complete induction, this is shown to be true for X​1 and X​2. 

X1 = 1 and X2 = ½  QED
It is assumed that this sequence tends towards a limit L i.e. one can make

 Xn – X​n+1 < E for any E>0, provided a large enough n is used. To calculate the limit we let Xn= X​n+1 = L:
L =    1    
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( L2 + L – 1 = 0

( L =  (½){-1 ( (5)
( As L>0, L = (½){-1 + (5)

( From earlier we see that L = ( -1 = 1/(
Proof of relation to Fibonacci sequence:

First we assume the relation (I) Xn =   Fn​​​​     for Xk​. It will be shown that this implies




            Fn+1
the truth of relation (I) for Xk+1. This will be demonstrated for X1, completing the inductive proof.

Xk =   Fk      ,    Fn+2​ = Fn+1 + Fn where F​n = 1
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( Fk+1 + Fk = Fk+2  ( Xk+1 =    Fk+1           QED
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F1 = 1, F2 =1, X1 =  1
X1 = F1   =   1/1 =1 QED  
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Finding consequent Fibonacci numbers limiting ratio
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