“Pythagorean Fibs” – Solution by David Franklin
Firstly, we can work out α and β as the two solutions of 
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, using the quadratic equation formula 
[image: image2.wmf]2

4

2

bbac

x

a

-±-

=

 for a polynomial in the form 
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.  Here a = 1, b = -1 and c = -1, so 
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. As α > β, α = 
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. An interesting thing to point out here is that 
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Part One
To answer the first part of the question, some quick algebraic manipulation gives 
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and


[image: image9.wmf](

)

(

)

2

154415

115210254

111155

24

152(15)22515

b

b

æö

÷

ç

æö

-++

æö

÷

--

ç

÷

ç

÷

÷

ç

ç

÷

+=+===+=+=--=-

ç

÷

÷

ç

÷ç

÷

÷

ç

÷

ç

÷

ç

÷

ç

÷

èø-

-´---

èø

ç

÷

÷

ç

èø


which is fairly straight-forward, noting that you need to use a difference of two squares technique to rationalize the denominator of the 
[image: image10.wmf]4

15

±

 term.

Part Two

The second part of the question needs some more number-crunching. From the original formula, 
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, we can show that 
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and 
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so the sum 
[image: image14.wmf](

)

2222222211

1

1

2(

5

nnnnnnnn

nn

FF

aabbabab

++++

+

+=+++-+

.

Now we can spot that 
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 according to the first part of the question which we have already solved. Similarly, 
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. Then we can do something even cleverer. As we know that 
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, we know that 
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But  
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, so we can, from these last two statements, show that 
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. But from our original formula, 
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, so therefore 
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Part 3
To do the third part of the question, it is much easier to consider the numbers with regard to the nature of the Fibonacci series that most people know and love, i.e. using the recursive formula for the series: 
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. Any four consecutive Fibonacci numbers can hence be expressed as x-y, y, x, x+y. (Check this for yourself!) If we therefore substitute 
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, the formula 
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 becomes 
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. This is equal to 
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. However, we have already shown that for any two consecutive Fibonacci numbers,
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. We defined y and x earlier to be two consecutive Fibonacci numbers, so
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must also be a Fibonacci number. Hence 
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, which we have already shown to be the sum of the squares of two different Fibonacci numbers, is the square of another Fibonacci number, and we have therefore made a Pythagorean triple since, of course, 
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. Therefore the proposition made in part 3 of the question is true, QED!
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