Two Points Plus One Line – June 2005 
Submitter: Andrei Lazanu

Age: 16

“Tudor Vianu” National College, Bucharest, Romania

E-mail: andreiasl@yahoo.co.uk
First I see that the locus of the points equidistant from A and B is the perpendicular bisector of AB.

Then point P is located at the intersection of this perpendicular bisector and the line given in the problem.

This point exists if and only if the perpendicular bisector of AB intersects the line. So, point P doesn’t exist if the perpendicular bisector of AB is parallel to the line. This happens when AB is perpendicular on the line, but the distance from A to the line is not equal with the distance from B to the line (in this case, the given line is the perpendicular bisector of AB and every point of this line satisfies the conditions of the problem).
Let y = mx + n be the equation of the line and A(xA, yA), B(xB, yB) the two given points. I have to determine xP and yP, the coordinates of point P.
Point P is equidistant from A and B, so that  AP = PB and:

(xA – xP)2 + (yA – yP)2 = (xB – xP)2 + (yB – yP)2

xA2 + yA2 – 2xAxP – 2yAyP = xB2 + yB2 – 2xBxP – 2yByP
But P is situated on the line y = mx + n, so yP = mxP + n


xA2 + yA2 – 2xAxP – 2yAmxP -2yAn = xB2 + yB2 – 2xBxP – 2yBmxP – 2yBn

2xP (xB + myB – xA – myA) = xB2 + yB2 – xA2 – yA2 – 2n(yB – yA)
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There isn’t such a point (P does not exist) if 
[image: image3.wmf]A

A

B

B

my

x

my

x

-

-

+

=0 and 
[image: image4.wmf](

)

0

2

2

2

2

2

¹

-

-

-

+

-

A

B

A

B

A

B

y

y

n

y

y

x

x

. This point is not unique if both the numerator and the denominator are simultaneously 0  The result obtained previously by geometric judgement must be re/found by calculus.
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