Steven Charlton


Triple-Decker Sandwich
Unless I have misunderstood how to make the triple-decker sandwiches, there are no solutions to the triple-8 sandwich, so the problem page is wrong.
Possible Values
In order to prove which numbers cannot have a triple-decker sandwich a slight variation on the proof used to establish which numbers cannot have a double-decker sandwiches is used.
The proof is a bit wordy, and maybe not as neat as it could be…
Colour each number in the sandwich from left to right alternately red, green and blue.
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Notice that each occurrence of the numbers one less than a multiple of three are coloured the same.
Because there are three colours, for the next number in a triple to be coloured the same as the previous one, it must be 3n spaces to the right.  Discounting the final cell as this contains the number gives 3n – 1 spaces between two of the numbers in a triple.  Because the number of spaces is equal to the number itself, then the number must be of the form 3n – 1.  It must be one less than a multiple of three.

When a solution is completed, it will have an equal number of red, green, and blue colours, because the number of numbers in the solution is three times the size of the sandwich.

Because there are an equal numbers of each colour, if there is an occurrence of one triplet being coloured pure red, there must be another pure green, and a third pure blue.  So the number of numbers one less than a multiple of three in the solution, must itself be a multiple of three.

The first number one less than a multiple of three is 2, the next is 2 + 3 = 5, and the third 5 + 3 = 8.  This means that the first possible solution is 8 (other than 1, which is trivially impossible).  Adding 3 × 3 to 8 gives the number of another possible solution, because it counts in another three pairs of numbers one less than a multiple of three.

Going up one from eight to nine, and again from nine to ten give two more possible solutions because these are not one less than a multiple of three – so their triples use all possible colours, giving an equal number of each colour in the completed sandwich.  Going up another one from 10 to 11 does not allow for a solution because 11 is one less than a multiple of three, so makes the number of each colour in a solution unequal.
We see that by adding 9 to the size of one possible solution generates another possible solution, and the first set of solutions is for 9 – 1, 9, 9 + 1.  This means that only numbers that can have triple sandwiches are numbers of the form 9n – 1, 9n, and 9n + 1.

Or written more succinctly n = (-1, 0, 1) (mod 9), in order to possibly have triple-n-sandwich.

Code
In order to find solutions to the triple-n-sandwich I wrote a simple C program.  The program should find all the solutions to the N Number/D Decker Sandwich, for any possible values of N and D.  These numbers are taken as arguments to the program.
#include <stdio.h>

#include <stdlib.h>

#include <string.h>

int NUMBER;

int DECKER;

int *sandwich = NULL;

unsigned long total = 0;

void printSandwich() {

    int c;

    total++;

    for(c = 0; c < NUMBER * DECKER; c++)

        printf(" %i ", sandwich[c]);

    printf("\n");

}

void position(int n) {

    int x;

    int r;

    if(n > NUMBER)

    {

        printSandwich();

        return;

    }

    for(x = 0; x < NUMBER * DECKER - (DECKER - 1) * (n + 1); x++)

    {
        for(r = 0; r < DECKER; r++)

            if(sandwich[x + r * (n + 1)] != 0)

                goto repeat;

        for(r = 0; r < DECKER; r++)

            sandwich[x + r * (n + 1)] = n;

        position(n+1);

        for(r = 0; r < DECKER; r++)

            sandwich[x + r * (n + 1)] = 0;

        repeat:

            //printSandwich();

            continue;

    }

    return;

}

int main(int argc, char *argv[])

{

    if(argc != 3)

    {

        printf("Too few arguments supplied\n");

        printf("program NUMBER DECKER");

        exit(1);

    }

    NUMBER = atoi(argv[1]);

    DECKER = atoi(argv[2]);

    if(NUMBER <= 0 || DECKER <= 0) {

        printf("Invalid arguments\n");

        printf("NUMBER and DECKER must be positive integers");

        exit(2);

    }

    printf("%i layer %i decker sandwich\n", NUMBER, DECKER);

    sandwich = (int *)malloc(sizeof(int) * NUMBER * DECKER);

    if(sandwich == NULL)

    {

        printf("Error allocating memory\n");

        exit(3);

    }

    memset(sandwich, 0, NUMBER * DECKER * sizeof(int));

    position(1);

    printf("%lu sandwiches", total);

    return 0;

}
When the program was run to find solutions to the triple-8-sandwich no results were returned suggesting that the triple-8-sandwich doesn't have a solution.  And indeed this webpage, http://www.lclark.edu/~miller/langford.html, confirms that the triple-8-sandwich has no solution.  'There is no proof of impossibility, ', it says, 'only exhaustive search'.
When run to find solutions to the triple-9 sandwiches the following results:

1 9 1 2 1 8 2 4 6 2 7 9 4 5 8 6 3 4 7 5 3 9 6 8 3 5 7

1 8 1 9 1 5 2 6 7 2 8 5 2 9 6 4 7 5 3 8 4 6 3 9 7 4 3

1 9 1 6 1 8 2 5 7 2 6 9 2 5 8 4 7 6 3 5 4 9 3 8 7 4 3

3 4 7 8 3 9 4 5 3 6 7 4 8 5 2 9 6 2 7 5 2 8 1 6 1 9 1

3 4 7 9 3 6 4 8 3 5 7 4 6 9 2 5 8 2 7 6 2 5 1 9 1 8 1

7 5 3 8 6 9 3 5 7 4 3 6 8 5 4 9 7 2 6 4 2 8 1 2 1 9 1
Notice the last three are the mirror images of the first three.  So there are 3 non-trivially unique tripe-9's.
And the triple-10 sandwiches:

1 10 1 2 1 4 2 9 7 2 4 8 10 5 6 4 7 9 3 5 8 6 3 10 7 5 3 9 6 8

1 3 1 10 1 3 4 9 6 3 8 4 5 7 10 6 4 9 5 8 2 7 6 2 5 10 2 9 8 7

1 10 1 6 1 7 9 3 5 8 6 3 10 7 5 3 9 6 8 4 5 7 2 10 4 2 9 8 2 4

8 1 10 1 3 1 9 6 3 8 4 7 3 10 6 4 9 5 8 7 4 6 2 5 10 2 9 7 2 5

4 10 1 7 1 4 1 8 9 3 4 7 10 3 5 6 8 3 9 7 5 2 6 10 2 8 5 2 9 6

6 9 2 5 8 2 10 6 2 5 7 9 3 8 6 5 3 10 7 4 3 9 8 1 4 1 7 1 10 4

5 2 7 9 2 10 5 2 6 4 7 8 5 9 4 6 10 3 7 4 8 3 6 9 1 3 1 10 1 8

4 2 8 9 2 4 10 2 7 5 4 8 6 9 3 5 7 10 3 6 8 5 3 9 7 1 6 1 10 1

7 8 9 2 10 5 2 6 7 2 8 5 9 4 6 10 7 5 4 8 3 6 9 4 3 1 10 1 3 1

8 6 9 3 5 7 10 3 6 8 5 3 9 7 4 6 5 10 8 4 2 7 9 2 4 1 2 1 10 1

Again, notice that the last 5 are the mirror images of the first 5, so there are 5 non-trivially unique triple-10's.

The next numbers to have solutions will be 9*2 – 1 = 17, 9*2 = 18, and 9*2 + 1= 19.
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