Basic knowledge needed:

Vectors: AB = -BA, AB = B – A
Simultaneous equations/substitution of variables

Problem: Can you find the vertices of a triangle from its midpoints where A, B and C are the midpoints and A’, B’ and C’ are the vertices you want to find. A is the midpoint opposite A’, B opposite B’ and so on.
My theory: From the midpoints of a triangle you can find each vertex by adding together the 2 adjacent midpoints and subtracting the remaining one.
Lemma 1:

A is halfway between B’ and C’ and so in vector form B’A is half B’C’. This can be applied again to show that B’C is half B’A’ and C’B is half C’A’.

1) B’A = 0.5 x B’C’
2) B’C = 0.5 x B’A’ 
3) C’B = 0.5 x C’A’
The vector AC = AB’ + B’C = B’C – B’A and now we can substitute in our first 2 equations to get

4) AC = (0.5 x B’A’) – (0.5 x B’C’)
5) AC = 0.5 x (B’A’ – B’C’)
By the same reasoning you can see that

6) C’A’ = B’A’ – B’C’
Substituting equation 6 into 5 gives

7) AC = 0.5 x C’A’
And finally by comparing equation 7 and 3 shows that AC = C’B

Proof:

To find C’ you must add a vector to A using only A, B and C as these are all we know. To start off with we know that the easiest pathway is A plus the vector AC’
1) C’ = A + AC’
We can also see that

2) AC’ = AB + BC’ = AB – C’B
From lemma 1 we know that C’B = AC and therefore
3) AC’ = AB – AC
Substituting back into equation 1 gives
4) C’ = A + AB – AC
This can be simplified by replacing each vector with what they mean to give
5) C’ = A + (B – A) – (C – A)

6) C’ = A + B – C
This is equivalent to adding together the 2 adjacent points and taking away the other one and you can apply this to get each vertex for the midpoints of a triangle. This therefore proves that my theory is correct and can be applied to any triangle.
You cannot for a quadrilateral as these 2 shapes on the left have the same midpoints but completely different vertices.

Problem: Can you find the vertices of a pentagon from its midpoints where A, B, C, D and E are the midpoints and A’, B’, C’, D’ and E’ are the vertices you want to find. A is the midpoint opposite A’, B opposite B’ and so on.
My theory: From the midpoints of a pentagon you can find each vertex by adding together the 2 adjacent midpoints, subtracting the next 2 midpoints and then adding the final midpoint.


Proof:
To find B’ we can add the vector EB’ to E
1. B’ = E + EB’
We also know that EB’ = C’E as they are on the same line and E is the midpoint. You can substitute this in to get
2. B’ = E + C’E
Now we can replace the vector C’E with its definition E – C’
3. B’ = E + E – C’
4. B’ = 2E – C’

You can do this for each vertex to get
5. A’ = 2D – B’, E’ = 2C – A’, D’ = 2B – E’, C’ = 2A – D’

Now to find B’ you can substitute each into each other. Here are the steps:
6. B’ = 2E – (2A – D’)

7. B’ = 2E – 2A + D’

8. B’ = 2E – 2A + (2B – E’)
Continuing this gives

9. B’ = 2E – 2A + 2B – 2C + 2D – B’
10. 2B’ = 2E – 2A + 2B – 2C + 2D
11. B’ = E – A + B – C + D
12. B’ = (D + E + B) – (A + C)
Which if you look closely is the 2 adjacent midpoints and opposite midpoint added together take away the remaining 2 midpoints. If you try this for the other points you will yield the same result. This can therefore be applied to every pentagon and proves my theory.
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