“Rationals Between” Solution

We need to find all the impossible denominators for fractions in between the radicals  and  and prove that we have found them all. First we will test using Alison’s method the numbers 1 to 11 as possible denominators.

If q = 1: = 
82 = 64, 92 = 81.
There are no fractions with denominators of 1 between the two radicals.

If q = 2:  = 
162 = 256, 172 = 289
There are no fractions with denominators of 2 between the two radicals

If q = 3: = 
242 = 576, 252 = 625
There are no fractions with denominators of 3 between the two radicals

If q = 4:  = 
322 = 1024, 332 = 1089
There are no fractions with denominators of 4 between the two radicals

If q = 5: 
402 = 1600, 412 = 1681.
There are no fractions with denominators of 5 between the two radicals

If q = 6: 
482 = 2304, 492 = 2401, 502 = 2500
There is 1 fraction () with denominators of 6 between the two radicals

If q = 7: 
562 = 3136, 572 = 3249, 582 = 3364
There is 1 fraction () with denominators of 7 between the two radicals

If q = 8: 
642 = 4096, 652 = 4225, 662 = 4356
There is 1 fraction () with denominators of 8 between the two radicals

If q = 9: 
722 = 5184, 732 = 5329, 742 = 5476
There is 1 fraction with denominators of 9 between the two radicals

If q = 10: 
802 = 6400, 812 = 6561, 822 = 6724
There is 1 fraction with denominators of 10 between the two radicals

If q = 11: 
882 = 7744, 892 = 7921, 902 = 8100, 912 = 8281
There are 2 fractions with denominators of 11 between the two radicals

Now that we have proven that all integer denominators from 1-5 have no numerator which places them in between the two radicals, 6-10 have one, and 11 has two we are going to prove that there can be no fractions with a integer denominator greater than 11 that do not have a numerator that places them in between the two radicals.

Here is a hypothetical proof involving variables which will be applied to the problem.
Set variables x, y, , where and .
Since a and b share the common denominator z and 
Since when you increase the denominator but leave the numerator unchanged the fraction decreases in value we can say then that
 where .
Now we will substitute the variables for the problem’s numbers to prove that every denominator greater than 11 has a numerator that would place it in between the radicals:

[bookmark: _GoBack]Since  and the two fractions share a common denominator  and 
Since when you increase the denominator but leave the numerator unchanged the fraction decreases in value we can say then that
 where.
Since any fraction with 1 as a numerator and a number greater than 11 as a denominator is less than the distance between the two radicals at least one multiple of that fraction must land in between and .
Therefore the above denominators below 11 which do not have a numerator that places them in between and must be the only denominators that conform to that rule.
Q.E.D.


