TIMES TABLES
I had some difficulty in remembering my Times Tables. So I looked for sequence of patterns in the Times Tables  for each of the numbers. The easier ones were for the Tables of 1, 2, 5 & 10. Let me illustrate how I learned my Times Tables from the sequence of patterns, I  observed. Let us analyse the ‘Tables Without Tens’ while constructing  each of the Tables. As we go along we can spot the Patterns, Cycle of  Repeats,  the Order of the Sequences of Numbers  and the Tables which are Similar as well as Different.  Tables are illustrated for the Standard  10 x 10 ‘table- square’.  Since the Tables of 1, 5  and 10 are the simplest a lengthy coverage is not given for the Tables of these numbers. First let us cover the Tables of EVEN numbers.
The answer in the Two Times Table  is every succeeding even number starting from 2. The units (ones) place numbers being  2, 4, 6, 8, 0. This sequence of even numbers in the increasing order gets repeated in the units place as we move forward to get the succeeding multiples of 2. This increasing pattern (shown in clock wise direction) can be seen in the figure given below. In the tenths place, we add 1 to each of the units place number in the sequence from the first required tenths place number (i.e. from 2 x 5 = 10) till the end of the sequence of even numbers starting from 0  up to 8. For each succeeding sequence of even numbers   (0, 2, 4, 6, 8) we add the next succeeding natural number. And so we have the Two Times Table.  
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For a better understanding of other related tables (related  to the Table of 2), let us group the Two Times Table in pairs, in two columns as shown above. The first column listing the answers of 2 multiplied by each of the odd numbers(2x1, 2x3, 2x5 2x7, 2x9) and the second column listing the answers of 2 multiplied by each of the even numbers (2x2, 2x4, 2x6 2x8, 2x10). The multiples of 2 are written in the repeated Z pattern in two columns as shown above. By constructing the two times table in this way, we get first half of the four times table as well,  if we take into account the second column only.

For the Four Times Table, it is every alternative even number starting from 4 in the natural order. The units (ones) place numbers being 4, 8, 2, 6, 0. This sequence of even numbers gets repeated in the units place as we move forward to get the multiples of 4. For a better understanding let us group the Four Times Table in pairs, in two columns. The first column listing the answers of 4 multiplied by each of the odd numbers(4x1, 4x3, 4x5 4x7, 4x9) and the second column listing the answers of 4 multiplied by each of the even numbers (4x2, 4x4, 4x6 4x8, 4x10). The multiples of 4 are written in the repeated Z pattern in two columns.  First let us see only the units place numbers (in black colour).
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This reveals a circular pattern/sequence of even numbers in decreasing order both in the first and second columns (4, 2, 0, 8, 6 in the first column starting from 4 decreasing up to 0 & thereafter from 8 to 6 and the numbers 8, 6, 4, 2, 0 in the second column starting from 8 decreasing up to 0);  Graphically viewing the units place numbers when multiplying with odd and even numbers separately,  we get a star pattern in a circular motion as shown in the figure above (shown in anti-clock wise direction). Now let us look at  the tenths place numbers starting from the first required tenths place number ( i.e from 4x3, where the answer is 12, having the first tenths place digit in Four Times Table). The sequence of numbers in the tenths place reveals the pattern of odd numbers appearing twice  and even numbers appearing thrice in the order 1,1, 2,2,2,3,3,4,4,4,5,5,6,6,6,7,7,8,8,8,9,9 if we go up to the start of the hundreds place or up to the end of the tenths place. Knowing the patterns and sequences helps in a better understanding and faster learning and of the  Times Tables. Here again observe the numbers in the second column only. We have half the eight times table.
For Six Times Table we will again group them  in pairs, in 2 columns as we have done with the Tables of 2 & 4. Let us first see the units place numbers. This reveals a circular pattern/sequence of even numbers in increasing order both in the first and second columns (6, 8, 0, 2, 4 in the first column starting from 6 and the numbers 2, 4, 6, 8, 0 in the second column starting from 2). 
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While in the four times table we had seen it is in the decreasing order, here in the six times table it is in the increasing order. From the start of the tenths place number we can the see the numbers appearing in the order 1, 1, 2, 3, 3, 4, 4, 5, 6, 6, 7, 7, the pattern that emerges is that the numbers 2, 5, 8  i.e, every third number in the natural order after 2 appears once while the others appear twice. 
For the Eight Times Table in the units place we have the circular pattern of even numbers in decreasing order 8, 6, 4, 2, 0 starting from 8. In Tables of 2, the pattern in the units place is in increasing order, while in the Tables of 8 it is in the decreasing order. In the tenths place the order is 1,2,3,4,4,5,6,7,8,8 (10-8=2) with 4 and 8 appearing twice. Since 10 - 8 is 2, for every block of four tens we have one extra 8 and so 4 appears twice in the tenths place. 
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Next let us cover the Tables of ODD numbers. First the Table of 3.  To get the Table of 3, it needs to be grouped in a 3 by 3 grid (3 columns with 3 rows). The first row having the answers to 3x1, 3x2, 3x3 in the natural order in each of the columns. In the second row we have the answers to 3x4, 3x5, 3x6 and the third row having answers to 3x7, 3x8, 3x9. As usual let us start by first placing numbers  at Units place in  the grid. To get the Table of 3, we start from the third row of  first column moving upwards adding   1, 2, 3 separately in each row of the first column. Next we move to the second column, third row placing the next set of numbers 4, 5, 6 moving upwards. And lastly placing the last set of numbers 7, 8, 9  as shown below.  The pattern of movement from one column to the other being  N [image: image5.png]


 starting from the first column. The Units place numbers follows the cyclical sequence of 3, 6, 9,    2, 5, 8,    1, 4, 7 and 0 and repeats itself for each lot of 10.  Starting from 3, in the cyclical pattern, leaving every two numbers, join the third number. Repeating this  exercise, we can see a unique pattern developing. This is represented graphically in the figure given below.
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Next let us add the tenths place numbers.  The first row does not have any tenths place digit (0). In the second row add 1 at the tenths place to all the numbers in the second row. Next add 2 to the all the numbers in the third row. Each succeeding row having the next natural number in the tenths place. Since we all know 3x10=30. We can show it separately.  We get the Table of 3. Similarly the Table of 3 beyond this point can be derived. Units place numbers remain the same. For the tenths place add each succeeding natural number for each succeeding row.
Next let us move to the Tables of 7. The Table of 7 is the reverse of Table of 3 (perhaps because of the fact that 10-7=3 and 7 & 3 are complements in 10). Here also we need to group the Table of 7  in a 3 by 3 grid (3 columns with 3 rows) as we have done in case of the Table of 3. As usual let us  start by looking  at Units place in  the grid. Starting from the first row of  third column we move downwards  adding  1, 2, 3. Next we move to the second column, first row placing the next set of numbers 4, 5, 6 moving downwards. And lastly placing the last set of numbers 7, 8, 9  as shown below.  The pattern of movement followed from one column to the other being    N  [image: image7.png]


starting from the last column. The Units place numbers follows the cyclical sequence of 7, 4, 1,    8,  5, 2,     9, 6, 3 and 0 and repeats itself for each lot of 10.  Starting from 7, in the cyclical pattern, leaving every two numbers, join the third number. Repeating this  exercise, we can see a unique pattern developing. This is represented graphically in the figure given below.
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Next let us look at the tenths place numbers. The first number does not have a tenths digit (7x1=7). Or shall we say 0 in the tenths place.  For  the next number   add 1 followed by 2 in the first row. (So our first row numbers in the tenths place are 0, 1, 2). In the next row start with last number (2) of the previous row and add 2, 3, 4 at the tenths place. In the last row add 4, 5, 6 starting with last number of the previous row. Since we know 7x10=70, we can write it separately.  
Next let us move to the Tables of 9. In the units place we have the number in decreasing order starting from 9 to 0 and in the tenths place it is in the increasing order from  0 to 9. Adding the units and tenths place digits (digital roots) we get 9 for all the multiples of 9. 
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Let us now observe the entire 10 x 10 ‘Table Square’  in colour having only the units digits 
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Pattern Spotting, Cycles of Repeat and Order of the Sequences:  The Table of 10 has only 0 in its units place . For the Table of 5 we have 5 & 0 repeating in the units place. In the Tables of Even numbers, it can be observed that the units place numbers repeats twice within a table (lot of 10).   We have a  shorter  sequence  of only the even numbers repeating itself.  This is because in the Tables of Even numbers, the answers are always even numbers. While in the Tables of Odd numbers, only when multiplying with a even number we would get an even number as answer. Multiplying two odd numbers, the resulting answer is always an odd number. In the Tables of Even numbers all the answers are even numbers. In the Tables of Odd numbers only half the answers are odd numbers and the other half even numbers. So for the Tables of Odd numbers all the single digit numbers (both the odd & even) appear once in a lot of 10 and repeats for every succeeding lot of 10. We have a longer sequence of numbers. The exception being the Tables of 5 and 10. Our observation is for the Tables up to 10. In the two times table we have a sequence of even numbers in the increasing order which gets repeated in the units place as we move forward. While in eight times table the sequence of even numbers is in the decreasing order. In the four times table when multiplied by even numbers and odd numbers separately we find the sequence of even numbers in the decreasing order while in the six times table it is in the increasing order. Observing the tables of three and seven we can see the patterns are  reverse of each other. Three and seven are complements in 10.  
Diagonals:
Adding diagonally opposite corners of a square drawn on a 100 square gives the same total. Multiplying diagonally opposite corners of  a square drawn on a ‘table square’ also gives the same result. In the ‘Units Only’ square Addition if done on 3x3, 6x6  or  9x9 table grid, will get the desired result. Multiplication when done on 2x2 or 3x3 grid will give the desired result. For each of the tables  the pattern in the units place starts with its own respective numbers  and ends with its complement in 10 (starting from the number multiplied by 1 and ending with the number multiplied by 9 in a 9x9 ‘units only’ table grid). The second number and the second last in the sequence are complements in 10. So are the third & fourth numbers and their respective third last & fourth last being complements in 10. The units digits are complements in 10 in the ‘pairs’ of Tables of ‘1 & 9’,  ‘2 & 8’,  ‘3 & 7’ and ‘4 & 6’ at  their respective stages of multiplication with each number. 
	1
	2
	3
	4
	5
	6
	7
	8
	9

	9
	8
	7
	6
	5
	4
	3
	2
	1


Tables of ‘1 & 9’
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Tables of ‘2 & 8’
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Tables of  ‘3 & 7’
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Tables of  ‘4 & 6’
Digits and Digital Roots:  It can be observed from the Tables of  1 to 10 in our ‘Units Digits Only’ grid,  the odd numbers 1, 3,  7 & 9  appear only 4 times each  and 5 appears 9 times (5 times in its own table and 4 times in other tables) while the even numbers 2, 4, 6, 8 appear 12 times each and zero appears 27 times (zero appears in 5 & 10 times tables 15 times and in the rest of the tables 12 times). If we were to take the entire 10 x 10 table (all the digits) including the units and  tenths digits into consideration we would have one 24 times, two 25 times, three 15 times, four 23 times, five 15 times, six 17 times seven 8 times, eight 15 times, nine 6 times, zero 28 times.  Looking from the Odd and Even numbers’ perspective, it can be seen that even numbers appear more times than odd numbers. Within the odd and even numbers, the smaller numbers appear more times than the bigger numbers. While in a standard 100 square 1 appears 21 times, 2, 3, 4, 5, 6, 7, 8, 9 appear 20 times each and zero appears 11 times only.
Let us now observe the Digital Roots of the entire 10 x 10 ‘Table Square’
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Digital Roots
The Digital Roots for the one times table repeats in the sequence of 1, 2, 3, 4, 5, 6, 7, 8, 9. This  can be seen for the ten times table also.  
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For the two times table first we have the even numbers 2, 4, 6, 8 followed by  the odd numbers 1, 3, 5, 7, 9 in the natural order repeating itself. 
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	7
	9


In the three times table the first three multiples of  3 repeats itself ( 3, 6, 9) as digital roots. 
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In the four times table the sequence of numbers that repeats itself as digital roots are 4, 8, 3, 7, 2, 6, 1, 5, 9. If we look at it as pairs, we can observe that every alternative number is the next number in decreasing order till we reach 1 and thereafter we go back to the highest single digit number 9 at the next alternative position and cyclically repeat the sequence. 
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	3
	7
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In the five times table the sequence of numbers that repeats itself as digital roots are 5, 1, 6, 2, 7, 3, 8, 4, 9. If we look at it as pairs, we can observe that every alternative number is the next number in increasing order till we reach 9  and thereafter we go back to the lowest  single digit number 1 at the next alternative position and cyclically repeat the sequence. 
	5
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	4
	9


Compare the digital roots of the four times table with the five times table
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Digital Roots of  Four and Five  Times Tables.
In the six times table the multiples of  3 repeats itself ( 6, 3, 9) as digital roots. 
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In the seven  times table the sequence of numbers that repeats itself as digital roots are 7, 5, 3, 1, 8, 6, 4, 2, 9. If we look at it, we can see after the fourth number, the fifth number is the next number after the first number, the sixth is the next number of the second number, the seventh is the  next number of the this number and so on. Every number after the fourth is the next number in that order. From the next cycle in this series we can see that after odd numbers we have the even numbers repeating in the descending order.
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Compare the digital roots of the seven times table with the two times table
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Digital Roots of  Two Times Table and the Seven  Times Table.

In the eight  times table the sequence of numbers that repeats itself as digital roots are 8, 7, 6, 5, 4,  3, 2,  1,  9. Here we can see it is in the decreasing order starting from 8. After reaching 1 we again move to the highest single digit number 9  and cyclically follow the pattern.
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For the nine times table 9 is the only digital root for all the multiples of 9.  It may be observed here that for all the tables the last number in the sequence is 9.  
	9
	9
	9
	9
	9
	9
	9
	9
	9


For each of the Times Tables, when we separately add (each row or each column) all the digital roots that we found out, multiplied up to 9  (9x9 grid), we will  get multiples of 9. Beyond the 9 times table,  this Cycle of Digital Roots repeats from the 10 times tables to the 18 times tables and for every succeeding lot of nine Tables.  So the Digital Root of all the digital roots  for each of the Times Tables is 9, when multiplied up to 9. Observing the 9x9 and 8x8 grid in our Digital Roots Square Table,  we can find the Diagonal properties of Addition mentioned earlier. Digital Roots for the Pairs of Tables of  1 & 8, 2 & 7, 3 & 6 and 4 & 5 in a 8x8 grid are complements in 9. The Digital Roots  are complements in 9 in the ‘pairs’ of Tables of ‘1 & 8’,  ‘2 & 7’,  ‘3 & 6’ and ‘4 & 5’ at  their respective stages in an 8x8 grid.

Concluding  one  can  safely  say,  knowing  the  patterns  and sequences  helps  in  a  better  understanding  and  faster  learning  of the  Times Tables. 
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