To nrich –sums of consecutive numbers

From Rajeev Kumar of Haberdashers’ Aske’s Boys’ School 
 
You cannot write every number as a sum of consecutive numbers:- For example the numbers which cannot be written as a sum of two or more consecutive numbers are those which are powers of 2 such as 1, 2, 8, 16,32 etc. This is because these numbers are not divisible by any prime number except 2.
The following is a table of the numbers which can be written as a sum of 2 or more consecutive numbers.

	N
	Sum of two consecutive numbers
	Sum of three consecutive numbers
	Sum of four consecutive numbers
	Sum of five consecutive numbers
	Sum of six consecutive numbers
	Sum of seven consecutive numbers
	Sum of eight consecutive numbers
	Sum of nine consecutive numbers
	Sum of ten consecutive numbers

	
	Column increases by 2
	Column increases by 3
	Column increases by 4
	Column increases by 5
	Column increases by 6
	Column increases by 7
	Column increases by 8
	Column increases by 9
	Column increases by 10

	1
	3
	6
	10
	15
	21
	28
	36
	45
	55

	2
	5
	9
	14
	20
	27
	35
	44
	54
	65

	3
	7
	12
	18
	25
	33
	42
	52
	63
	75

	4
	9
	15
	22
	30
	39
	49
	60
	72
	85

	5
	11
	18
	26
	35
	45
	56
	68
	81
	95

	6
	13
	21
	30
	40
	51
	63
	76
	90
	105

	7
	15
	24
	34
	45
	57
	70
	84
	99
	115



The following patterns can be observed
1)The first number in any column is a triangle number.
2) The numbers in the columns increase in a pattern eg in sum of 2 consecutive numbers increase by 2 and sum of three consecutive numbers increase by 3.
3) The sum of two consecutive numbers is always an odd number as 2n+1 always equals an odd number if n is a positive integer.
 A proof can be found for all odd numbers. 
n + (n +1) = 2n +1 For example 297+298=595
4) Sum of 3 consecutive numbers contain multiples of 3 except for 3.All multiples of 3 can be written as three consecutive numbers from the 
following proof: n+(n+1) +n(n+2)=3n+3
As 3 is a multiple of 3 the resulting number would be a multiple of 3. For example 3+4+5=12
5) Multiples of 4 cannot be written as sum of four consecutive numbers because the formula 4n+6 shows that the multiples of 4 cannot be written in this way.
 Sum of 5 consecutive numbers are multiples of 5 and the proof is 5n+10 
Sum of 6 consecutive numbers are odd multiples of 3 and the proof is 6n+15
Sum of 7 consecutive numbers are multiples of 7 and the proof is 7n+21 
Sum of 8 consecutive numbers are multiples of 4 but not 8 and the proof is 8n+28 
Sum of 9 consecutive numbers are multiples of 9 and the proof is 9n+36
Sum of 10 consecutive numbers are odd multiples of 5 and the proof is 10n+45 
 the two consecutive sums’ column gives 2n + 1;
The three consecutive sums’ column gives 3n + 3 = 3(n + 1);
The four consecutive sums’ column gives 4n + 6 = 2(2n + 3);
The five consecutive sums’ column gives 5n + 10 = 5(n + 2).
Notice that the numbers in bold are all triangle numbers

7) Some numbers can be written in more than one way.

"9, 12 and 15 can all be written using three consecutive numbers. I wonder if all multiples of 3 can be written in this way."

a) Odd numbers which are greater than 3 and divisible by 3 are all numbers which can be written as a sum of 2 or 3 consecutive numbers. e.g. 33 can be written as a sum of 2, 3,6 consecutive numbers

b) Odd numbers which are not prime numbers can be written in more than one way .e.g. 49 can be written as sum of two or seven consecutive numbers

c) Even numbers which are multiples of 2 but not 4 which have more than 5 factors. eg 102,182,238. 

d) Even numbers which are multiples of 4 but not 8 and has more than 8 factors e.g. 36,60,84,196,364,

e) Even numbers which are multiples of 8 but not 16 and has more than 11 factors eg 72

f) Even numbers which are multiples of 16 but not 32 and has more than 14 factors eg 144 

g) Even numbers which are multiples of x but not 2x and has more than      3y   (  ) -1  )   + 2  factors
[bookmark: _GoBack]eg in even numbers which are multiples of 16     the formula works like this          3x4 (   (  =2 ) -1 ) +2



Why does the numbers in the column increase in a pattern eg 1+2+3=6
2+3+4=9

The total has gone up by 3 because  if the number times 3 indicates that if one is added to the number  and you times it by 3 you would get –the difference between the number s is one so if you times one by 3 you would get 3 which is the difference between the resulting numbers.
If you have the expression (n-1)+n +n +1=3n and if you add one to the number each time so you get n +(n+1)+(n+2)=3n+3 the difference between the two resulting numbers is 3 and that is why the total has gone up by 3.












 
