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I shall prove that the function F(P) = area(P) – (i + p/2 – 1) is 0 for any planar polygon, following the steps from the problem.
(1) Let P1 and P2 be 2 polygons with a common edge, P the union of P1 and P2, i, i1, i2 – the lattice points in side the 3 polygons, and p, p1, p2 the lattice points on the perimeters of the 3 polygons.
Let x be the number of lattice points of the common edge of P1 and P2
It is clear that area(P) = area(P1) + area(P2)
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From the figure I observe that:


i = i1 + i2 + x – 2


p = p1 + p2 – 2x + 2

Now, I shall calculate F(P):

F(P) = area(P) – (i + p/2 -1) = area(P1) + area(P2) – i1 –i2 – p1 – p2 + 2

F(P) = area(P1) – (i1 + p1/2 – 1) + area(P2) – (i2 + p2/2 – 1) = 0

As a generalization,

F(P1+P2+….+Pn) = F(P1) + F(P2) +…+F(Pn)
So, F is additive.
(2) Now I shall prove Pick’s Theorem for a rectangle of vertices of coordinates (0,0), (a,0), (a,b), (0,b)

Area(P) = ab


i = (a – 1)(b – 1)

p = 2(a + b)


F(P) = ab – (a-1)(b-1) – (a+b) + 1 = 0
Any rectangle with sides parallel to Ox and Oy could be translated to a rectangle of the given form.

(3) Now I shall consider a right-angled triangle of vertices (0,0), (a,0), (a,b) where a and and b are relative primes. Then on the inclined side of the triangle will be only 2 lattice points (the ends of side).

Area(P) = ab/2


i = (a-1)(b-1)/2 (as half the number of points inside the rectangle)


p = a + b + 1


F(P) = ab/2 – (a-1)(b-1)/2 – (a+b+1)/2 + 1 = 0
If a and b are not relative primes, than the triangle could be split into a number of right-angled triangles and rectangles. As F is additive the theorem is proved for any right-angled triangle which has 2 sides paralle to the coordinate axes.

(4) Now I shall prove the theorem for any triangle.
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Let T be a triangle. For any shape of it there could be added at most 3 triangles in order to obtain a rectangle, as in the figure. From the precedent points, I know the following relations:


F(T+T1+T2+T3) = F(T) + F(T1) + F(T2) + F(T3)

(1)

But


F(T+T1+T2+T3) = 0





(2)

F(T1) = F(T2) = F(T3) = 0




(3)
From the previous relation I observe that F(T) = 0.

(5) As any polygon could be split into triangles and rectangles, the theorem is proved.
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