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(1) First, I make the substitution x = t – 1/2 in the equation:

2t3 + 3t2 -11t – 6 = 0

I obtain:
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This equation is transformed into:
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This equation could be written as:
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with the 3 solutions 0, 5/2 and -5/2. Now, going in the initial equation, I obtain for t the values 1/2, 3 and -2 respectively.

(2) Now I shall analyse what happens if I keep p constant and I change q. There are 2 cases:
1. p≥0

Here the graph intersects the x-axis in only one point for any value of q. This means that the equation has 1 real root and 2 complex roots. The value of q is the intersection of the graph with the y-axis. This is very simple: in the equation y = x3 + px + q, I take x = 0 and I obtain y(0) = q.
2. p < 0

Here if the point is situated in the left part of the red frame, beyond the grey line, the graph intersects the x-axis in 3 different points (this means that the equation has 3 different real roots).

If the point is situated on the grey line (q>0), the graph intersects the x axis in 2 points (in one point the x-axis is tangent to it). If the point is situated on the grey line and q<0, the x axis is tangent to the graph in one point and there is another intersection point. 
In both cases the equation has only real roots, one which is double.
If the point is not situated in the left part of the grey line in the red diagram, the situation is the same as in the case p≥0.

(3) If q is fixed, the intersection with the y-axis is fixed (as shown above).
Here there are two different situations.
If q = 0, the equation has always one root equal to 0. 
If p is zero too, then all three roots are zero. 

If p is positive, then the other two solutions are complex conjugates, and if p is negative all solutions are real, two of them being of opposed signs, as could be seen from 
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If q ≠ 0 the graph intersects 3 times the x-axis (having 3 real roots) if the point (p,q) is situated to the left of the grey curve in the red diagram). It intersects once the x-axis and has this axis tangent to it if point (p, q) is situated on the grey line (it has 1 simple real root and 2 double real roots). If the point (p, q) is on the right part of the grey line, the graph intersects the x-axis only once, the equation having 1 real root and 2 complex roots.

(4) For p = 0, q = 8, the applet gives the following values: 
u1 = -2,

u2 = 1,  


u3 = 1,
v1 = 0, 

v2 = 1,73, 

v3 = -1,72.

Now, I shall solve the equation x3 + 8 = 0. I factor the expression as follows:


(x + 2)(x2 – 2x + 4) = 0

One solution is evidently x1 = -2, the other 2 could be found solving the second order equation:

x2 = 1 + i√3


x3 = 1 - i√3

Now I shall prove that the 3 roots are equally spaced in the Argand diagram, being situated on the circle of centre (0,0) and radius 2. For this, I calculate the modules of the 3 complex numbers:


|x1| = 2


|x2| = √(1 + 3) = 2


|x3| = √(1 + 3) = 2

(5) My results are summarised in the following table:
	p = - 3 (constant)
	Red frame (p, q)
	Blue frame y = x3 + px + q
	Green frame – Argand diagram (p, q)

	q < - 2
	(p, q) is on the right of the grey line
	The graph intersects the x-axis in only one point, with the x-coordinate positive
	One point is situated on the x-axis (x>0) (corresponding to the real root); the other 2 are symmetric by the x-axis (they are complex conjugates)

	q = -2
	(p, q) is on the grey line
	The graph intersects the x-axis into one point and it is an inferior tangent to the x-axis
	Only real roots, two of which are equal:

x1 = 2 , x2 = x3 = -1

	-2 < q < 2
	(p, q) is on the left of the grey line
	The graph intersects the x-axis into 3 points, not all having the same sign of coordinate
	All points are on the x-axis.

	q = 2
	(p, q) is on the grey line
	The graph intersects the x-axis into one point and it is an superior tangent to the x-axis
	Only real roots, two of which are equal:

x1 = x2 = 1, x3 = -2

	q>2
	(p, q) is on the right of the grey line
	The graph intersects the x-axis in only one point, with the x-coordinate negative
	One point is situated on the x-axis (x<0) (corresponding to the real root); the other 2 are symmetric by the x-axis (they are complex conjugates)


