Factor Multiple Chains: live problem
Exploration and Solution by Zach Thompson age 8
To understand the question I played with the spreadsheet and came up with two methods to plan and record my work. 
I used a table and labelled my columns to represent the four boxes which must follow the rule A  B  C  D.
Because the numbers must be positive integers and range from 2 to 100, I was able to make some observations:
Method 1: Start in column A
	A
	B
	C
	D

	Write a number in column A
(min 2, max 12)
	Put a multiple of A in column B
(max 25)
	Put a multiple of B in column C
(max 50)
	Put a multiple of C in column D
(max 100)



Method 2: Start in column D and use prime factors to find a chain
	A
	B
	C
	D

	Put a factor of B in column A
(min 2, max 12)
	Put a factor of C in column B
(min 4, max 25)
	Put a factor of D in column C
(min 8, max 50)
	Write a number in column D
(min 16, max 100)



When I tried to make 100, I found that both methods can generate different results. If you start in column A and use all the factors of 100, this will generate 6 possible chains, but if you start in column D and use prime factors, there is only 1 possible chain (5-25-50-100).

I wanted to investigate how many numbers under 100 could make a complete chain. 

After trial and error, I decided to use method 2 and prime factors to manually determine which numbers in the range 16 - 100 can make a complete chain. Then I used the Nrich spreadsheet to systematically discover how many chains are possible for each target number.

The results were really interesting, and proved most of my initial predictions, but also revealed some fascinating patterns. Where a chain was not possible, this was because the target number in D was either prime, or a product of prime factors and the chain was too short.



List of all possible Factor Multiple Chains (target 100 or below in column D)

	A
	B
	C
	D
	Observations

	2
	4
	20
	100
	There are 6 possible chains for 100

 so there are an equal number of chains starting with 2 and 5

Note: I have used all the factors of 100 except 1.

	2
	10
	20
	100
	

	2
	10
	50
	100
	

	5
	10
	20
	100
	

	5
	10
	50
	100
	

	5
	25
	50
	100
	

	
	
	
	
	

	A
	B
	C
	D
	
	A
	B
	C
	D
	There are a massive 40 chains for 96, the highest for any number under 100.

Looking at column A: I got the most chains using 2 and the least using 12. This is because as the factors get larger in column A, there are fewer multiples possible to complete the chain.

 so the largest number of chains begin with 2. More chains begin with 4 than the number 3 because 4 is a multiple of 2 

Any number under 100, divisible by both 2 and 3 will have more chains than those divisible by either just 2 or 3 alone.

Because 2 is a factor of 96, when you hit 24 in column B, you know that you have exhausted all possibilities for a factor in column A
(A – 24 – 48 – 96)

	2
	4
	8
	96
	
	3
	6
	48
	96
	

	2
	4
	12
	96
	
	3
	12
	24
	96
	

	2
	4
	16
	96
	
	3
	12
	48
	96
	

	2
	4
	24
	96
	
	3
	24
	48
	96
	

	2
	4
	32
	96
	
	4
	8
	16
	96
	

	2
	4
	48
	96
	
	4
	8
	24
	96
	

	2
	6
	12
	96
	
	4
	8
	32
	96
	

	2
	6
	24
	96
	
	4
	8
	48
	96
	

	2
	6
	48
	96
	
	4
	12
	24
	96
	

	2
	8
	16
	96
	
	4
	12
	48
	96
	

	2
	8
	24
	96
	
	4
	16
	32
	96
	

	2
	8
	32
	96
	
	4
	16
	48
	96
	

	2
	8
	48
	96
	
	4
	24
	48
	96
	

	2
	12
	24
	96
	
	6
	12
	24
	96
	

	2
	12
	48
	96
	
	6
	12
	48
	96
	

	2
	16
	32
	96
	
	6
	24
	48
	96
	

	2
	16
	48
	96
	
	8
	16
	32
	96
	

	2
	24
	48
	96
	
	8
	16
	48
	96
	

	3
	6
	12
	96
	
	8
	24
	48
	96
	

	3
	6
	24
	96
	
	12
	24
	48
	96
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	
	A
	B
	C
	D
	There are 11 possible chains for 90

 so there are more chains starting with 3 than the number 2 or 5.

	2
	6
	18
	90
	
	3
	9
	45
	90
	

	2
	6
	30
	90
	
	3
	15
	30
	90
	

	2
	10
	30
	90
	
	3
	15
	45
	90
	

	3
	6
	18
	90
	
	5
	10
	30
	90
	

	3
	6
	30
	90
	
	5
	15
	30
	90
	

	3
	9
	18
	90
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	Because 11 is a larger prime, even though 2, 4 and 8 are also factors, there are only 4 possible chains for 88.

 

	2
	4
	8
	88
	

	2
	4
	44
	88
	

	2
	22
	44
	88
	

	11
	22
	44
	88
	



	A
	B
	C
	D
	
	A
	B
	C
	D
	Observations

	2
	4
	12
	84
	
	3
	6
	12
	84
	There are 11 possible chains for 84. 
 so there are more chains beginning with 2 than 3 or 7,  but none beginning with 4  (4  – 28 – 84). 84 is divisible by 2 and 3, but the larger factor of 7 reduces the possible chains.

	2
	4
	28
	84
	
	3
	6
	42
	84
	

	2
	6
	12
	84
	
	7
	14
	28
	84
	

	2
	6
	42
	84
	
	7
	14
	42
	84
	

	2
	14
	28
	84
	
	7
	21
	42
	84
	

	2
	14
	42
	84
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	 Here 3 is multiplied by itself exactly four times. So 81 can only have one chain. It is also the only odd number in column D.

	3
	9
	27
	81
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	
	A
	B
	C
	D
	There are 15 possible chains for 80.

 so there are more chains starting with 2, than 4, 5 or 10.


	2
	4
	8
	80
	
	2
	20
	40
	80
	

	2
	4
	16
	80
	
	4
	8
	16
	80
	

	2
	4
	20
	80
	
	4
	8
	40
	80
	

	2
	4
	40
	80
	
	4
	20
	40
	80
	

	2
	8
	16
	80
	
	5
	10
	20
	80
	

	2
	8
	40
	80
	
	5
	10
	40
	80
	

	2
	10
	20
	80
	
	10
	20
	40
	80
	

	2
	10
	40
	80
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	
	A
	B
	C
	D
	There are 27 possible chains for 72 (the digits reverse) because it is in the 2x, 3x, 4x, 6x, 8x, 9x and 12x tables. 

 so there are more chains starting with a number divisible by 2 than 3.

Put any even number into column D 
(min 16), then calculate: 
D2 = C, 
C2 = B
B2 = A, 
to reach the final chain for that number.


	2
	4
	8
	72
	
	3
	6
	24
	72
	

	2
	4
	12
	72
	
	3
	6
	36
	72
	

	2
	4
	24
	72
	
	3
	9
	18
	72
	

	2
	4
	36
	72
	
	3
	9
	36
	72
	

	2
	6
	12
	72
	
	3
	12
	24
	72
	

	2
	6
	18
	72
	
	3
	12
	36
	72
	

	2
	6
	24
	72
	
	3
	18
	36
	72
	

	2
	6
	36
	72
	
	4
	8
	24
	72
	

	2
	8
	24
	72
	
	4
	12
	24
	72
	

	2
	12
	24
	72
	
	4
	12
	36
	72
	

	2
	12
	36
	72
	
	6
	12
	24
	72
	

	2
	18
	36
	72
	
	6
	12
	36
	72
	

	3
	6
	12
	72
	
	9
	18
	36
	72
	

	3
	6
	18
	72
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	
	A
	B
	C
	D
	There are 10 possible chains for 64 (less than you think because 3 is not a factor)

 so more chains start with 2 than 4 or 8 (the bigger the factor in A, fewer complete chains are possible).

	2
	4
	8
	64
	
	2
	16
	32
	64
	

	2
	4
	16
	64
	
	4
	8
	16
	64
	

	2
	4
	32
	64
	
	4
	8
	32
	64
	

	2
	8
	16
	64
	
	4
	16
	32
	64
	

	2
	8
	32
	64
	
	8
	16
	32
	64
	




	A
	B
	C
	D
	
	A
	B
	C
	D
	Observations

	2
	4
	12
	60
	
	3
	6
	12
	60
	Exactly 12 chains are possible for 60, which is interesting.

 so more chains start with 2 than 3 or 5.


	2
	4
	20
	60
	
	3
	6
	30
	60
	

	2
	6
	12
	60
	
	3
	15
	30
	60
	

	2
	6
	30
	60
	
	5
	10
	20
	60
	

	2
	10
	20
	60
	
	5
	10
	30
	60
	

	2
	10
	30
	60
	
	5
	15
	30
	60
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	 so more chains start with 2 than 7.

There are only 4 possible chains for 56 because it has not got 3 as a factor, but does have a factor of 7 (which is bigger), so fewer chains are possible.

	2
	4
	8
	56
	

	2
	4
	28
	56
	

	2
	14
	28
	56
	

	7
	14
	28
	56
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	 so this time more chains start with 3 than 2.

Only 4 chains are possible for 54 because 54 is divisible by 6 and 9, but not 12, which is interesting. 12 is a highly divisible number.


	2
	6
	18
	54
	

	3
	6
	18
	54
	

	3
	9
	18
	54
	

	3
	9
	27
	54
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	There are 16 possible chains for 48 (which is quite high for such a low number) because it is in the 2x, 3x, 4x, 6x, 8x, and 12x tables. 

, so more chains start with 2 than 3. 

48 is half of 96, look:

96 = 40 chains 
48 = 16 chains 

Here’s something interesting also:







	2
	4
	8
	48
	

	2
	4
	12
	48
	

	2
	4
	16
	48
	

	2
	4
	24
	48
	

	2
	6
	12
	48
	

	2
	6
	24
	48
	

	2
	8
	16
	48
	

	2
	8
	24
	48
	

	2
	12
	24
	48
	

	3
	6
	12
	48
	

	3
	6
	24
	48
	

	3
	12
	24
	48
	

	4
	8
	16
	48
	

	4
	8
	24
	48
	

	4
	12
	24
	48
	

	6
	12
	24
	48
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	There are only 4 possible chains for 40. 

 so more chains start with 2 than 5.

No chains start with 4 or 8, as they would be too short:
 makes 4 – 20 – 40 
 makes 8 – 40 

	2
	4
	8
	40
	

	2
	4
	20
	40
	

	2
	10
	20
	40
	

	5
	10
	20
	40
	

	
	
	
	
	

	
	
	
	
	



	A
	B
	C
	D
	There are 6 possible chains for 36.  so an equal number of chains start with 2 and 3.

	2
	4
	12
	36
	

	2
	6
	12
	36
	
36 is half of 72, look:

72 = 27 chains 
36 =   6 chains 
	Here’s another bit of fun:





	2
	6
	18
	36
	
	

	3
	6
	12
	36
	
	

	3
	6
	18
	36
	
	

	3
	9
	18
	36
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	There are only 4 chains possible for 32.        


3 is not a factor of 32 and the product in D in now so much smaller, that there will not be many complete chains possible.

	2
	4
	8
	32
	

	2
	4
	16
	32
	

	2
	8
	16
	32
	

	4
	8
	16
	32
	

	
	
	
	
	
32 is half of 64, look:

64 = 10 chains 
32 =   4 chains 
	
Bit of fun:




	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	 so there are 4 possible chains for 24, despite being a much lower number than 32. 

Because 2 and 3 are factors of 24, it is also divisible by 6 and 12. 


	2
	4
	8
	24
	

	2
	4
	12
	24
	

	2
	6
	12
	24
	

	3
	6
	12
	24
	

	
	
	
	
	24 is half of 48, look:

48 = 16 chains 
24 = 4 chains 
	Fun bit:




	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	A
	B
	C
	D
	 
This is the only other chain where the factor is a multiple of itself exactly four times. So 16 can only have one chain, but this time the factor is even, so the product in D is even.

	2
	4
	8
	16
	

	
	
	
	
	

	
	
	
	
	



What was really interesting is that 81 was the only odd number under 100 that could go in column D. The smallest odd number possible in column D after 81 (if you could go over 100) would be 135 as odd x odd = odd. If you look at the prime factors, you can see why:


The largest odd factor to make a complete chain was 11 , the next odd number was just too big (13 – 26 – 52 – 104). 
No number smaller than 16 could appear in Column D (2 – 4 – 8 – 16). It was not possible to make a complete factor multiple chain for the following numbers because they were either: 
a) products of primes, where the chain was too short, or
b) prime numbers: 97, 89, 83, 79, 73, 71, 67, 61, 59, 53, 47, 43, 41, 37, 31, 29, 23, 19 and 17.
	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	



Conclusion:
a) The smallest number in column A to complete a chain is 2 (2 – 4 – 8 – 16)
b) The largest number in column A to complete a chain is 12 (12 – 24 – 48 – 96) 
c) Over half the numbers between 2 and 100 do not appear in any complete chain, which wasn’t what I expected. I had expected to see a lot of primes and odd numbers, but I hadn’t previously really thought about how many even numbers were products of primes (e.g. ,   etc). If you put them on a square grid, it’s easy to see the patterns.
	
	
	
	
	
	
	
	
	
	

	
	
	13
	
	
	
	17
	
	19
	

	
	
	23
	
	
	26
	
	
	29
	

	31
	
	33
	34
	35
	
	37
	38
	39
	

	41
	
	43
	
	
	46
	47
	
	49
	

	51
	52
	53
	
	55
	
	57
	58
	59
	

	61
	62
	63
	
	65
	66
	67
	68
	69
	70

	71
	
	73
	74
	75
	76
	77
	78
	79
	

	
	82
	83
	
	85
	86
	87
	
	89
	

	91
	92
	93
	94
	95
	
	97
	98
	99
	


d) The biggest difference between two adjacent numbers in a complete chain was 88 
(2 – 4 – 8 – 96).

e) The largest range between column A and Column D was 98 (2 – 4 – 20 – 100), the smallest was 14 (2 – 4 – 8 – 16).

f) Not every number could start or finish a complete chain. 

No number larger than 12 would work in column A (13 – 26 – 52 – 104). 

The numbers that couldn’t appear in column D either didn’t have enough factors to make a complete chain (,  etc), or were just prime.

This took a long time for me to do, but it was fun and made me really think.
