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(1) (a) First I shall add and multiply the two matrices, obtaining:
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and
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(b) By simple calculations I observed that [image: image4.png]


 is the identity for addition and [image: image6.png]


 is the identity for multiplication. The inverses for addition and multiplication are obtained from the conditions that

i) addition of the given matrix with its inverse gives the identity for addition, so the inverse for addition is: [image: image8.png]


 and

ii) multiplying the given matrix with its inverse gives the identity for multiplication; the inverse is: [image: image10.png]


. I see that both identity matrices and both inverses are from the set C*.
(c) Here, I shall consider R* as the set of matrices of the form [image: image12.png]D



. These matrices could be written as [image: image14.png]


 = x I2
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.

The identity for addition is [image: image22.png]


, and the inverse is [image: image24.png]T 2)



, which are both from R*.
For multiplication, [image: image26.png]D
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 = [image: image30.png](o 96 D=3 o)




The identity is [image: image32.png]


 and the inverse is [image: image34.png]


. 
The distributive low of the addition and multiplication is the same as that of real numbers:
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This proves that the arithmetic of R* is the same as the arithmetic of real numbers.

(d) Considering 2 complex numbers, x + iy and u + iv:

(x + iy) + (u + iv) = (x + u) + i(y+v)


(x + iy) (u + iv) = (xu – yv) + i(xv + yu)

I observe that addition and multiplication in C* are the same as addition and multiplication of complex numbers.

The multiplication of complex numbers is commutative, i.e.:

(x + iy) (u + iv) = (u + iv) (x + iy) = (xu – yv) + i(xv + yu)

Now I shall prove that the multiplication is commutative in C*:
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For complex numbers, the multiplication is distributive to the addition. In a similar manner, multiplication for matrixes from C* is distributive:
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This ends the proof that the arithmetic of complex numbers is the same as that of C*.
(e) Matrix [image: image40.png]-



 corresponds to the complex number x + iy. Multiplying this number by i, I obtain –y + ix, i.e. the matrix [image: image42.png]


. I shall consider that matrix [image: image44.png]@ 2



 corresponds to i:
So, [image: image46.png]


 =[image: image48.png]


. The only solution for this equation is [image: image50.png]oy



.
A different approach is the following: I associate to the complex number (x + iy) a point of coordinates (x,y) in the complex plane, and also the matrix [image: image52.png]-



. The geometrical significance of the multiplication by I of the complex number is the counterclockwise rotation of the point with π/4. In matrix notation, I have to find the matrix which, multiplying [image: image54.png]-



 gives [image: image56.png]


.
(2) (a) I shall calculate i2, j2 and k2:

i2 = [image: image58.png](¢ 2)-¢ 2= 2)





j2 = [image: image60.png]2o o=G 2





k2 = [image: image62.png]© -0 H=3"2)




So, all these three matrices are square roots of -1.
(b) The products which I have to calculate are:


i j = [image: image64.png](25 =0}



 = k

j i = [image: image66.png]OGO =C )



= -k

j k = [image: image68.png]200 0=¢2)





k j = [image: image70.png]O o 9=



=-i

k i = [image: image72.png]O oG 2= 2



= j

i k = [image: image74.png]G20 H=073



= -j
(3) Now, I shall calculate i, i j, i j k, i j k i,…and I shall try to find a pattern:

i = [image: image76.png];i 2)




i j = [image: image78.png](25 =0}



 = k
i j k = [image: image80.png]O -0 H=w=(3 2)




i j k i = - i
So, i j k i j k = [image: image82.png]



This means that the sequence is periodic with period 6. Therefore, the sequence is as follows:
[image: image83.png]



[image: image84.png]



[image: image85.png]



[image: image86.png]



[image: image87.png]



[image: image88.png]



Note:
To point 1(e), I have to find the matrices that verify [image: image90.png]G )6 =G 2)



. This is equivalent to solving the following system of equations:


x2 – y2 = -1 and xy = 0.

Only matrices [image: image92.png]oy



, [image: image94.png]


, [image: image96.png]9



 and [image: image98.png]@ 2)



 verify the equation and therefore correspond to i. 
I see that from these matrices, only [image: image100.png]


 and [image: image102.png]


 are from the set C*. They are obtained from the condition i2 = -1, and so one of them corresponds to i, the other to –i. To distinguish between them, I could look again to the rotations of angle π/4.

