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(i) In this case, a = b. So I have to solve:


2ax = 1

Or equivalently ax = ½, so x = loga (1/2)
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(ii) For this case, I observe that 1/4 = (1/2)2
So, the equation now becomes:
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Now, I shall note [image: image6.png]



Evidently, y > 0, and the remaining equations is:
y2 + y – 1 = 0.

This equation has solutions [image: image8.png]


. I have to take the positive solution, so [image: image10.png]


. I determine x:

[image: image12.png]



(iii) Here I observe that I cannot solve the equation directly. First I shall prove that for any 0 < a, b < 1, with a + b < 1, equation ax + bx = 1 has a unique solution.
Let f: [0,1] -> R, f(x) = ax + bx – 1
f(0) = 1 > 0

f(1) = a +b – 1 < 0
f is a continuous function, so f(x) = 0 has at least a solution in its interval of definition. I shall now prove it is unique.
f'(x) = ax ln a + bx ln b < 0, as a and b <1.

So, f is strictly decreasing and the solution is unique.

For the case of the problem, a =1/2 and b = 1/3 I cannot find the exact value of the root, by I can find a good approximation of the solution. I shall use the interval halving method. Let x0 be the root.
The first value that I choose is 1/2.

f(1/2) = 0.28 > 0 => 1/2 < x0 <1

f(3/4) = 0.03 > 0 => 3/4 < x0 < 1

f(7/8) = -0.07 < 0 => 3/4 < x0 < 7/8
f(13/16) = -0.02 < 0 => 3/4 < x0 < 13/16
f(25/32) = 0.005 > 0 => 25/32 < x0 < 13/16

f(51/64) = - 0.007 < 0 => 25/32 < x0 < 51/64

f(101/128) = -0.001 < 0 => 25/32 < x0 < 101/128

f(201/256) = 0.002 > 0 => 201/256 < x0 < 101/128
f(403/512) = 0.0006 > 0 => 403/512 < x0 < 101/128
f(707/1024) = -0.0001 < 0 => 403/512 < x0 < 807/1024

So, 0.7871< x0 < 0.7880. Continuing the procedure, I could find a better approximation for the root x0.

Another method, though less precise, would have been a graphical one. In the graph below I have plotted f(x) and I have considered the intersection with the x-axis:
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