The probability density function f(x), a < x < b, has the property that
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and the property of scale invariance [image: image3.png]
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Also let p and q be limits of integration, p > a, q < b
Because x and u are dummy variables with respect to integration,
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That is,
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Now using the fact that  [image: image14.png]
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If the probability density function is scale invariant, the following relationship MUST hold, as long as all limits are within the domain of the function.
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If this relationship were to be violated, then the function would not be scale invariant.

Thus,
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The function f(x) can then be derived:
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Considering the case when A = 1 gives a tractable differential equation.
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Given that this is the unique form of the function, it cannot be a probability density function over all non-negative values of x since this could never integrate to 1: the function must have a domain of 0 < x < B where B is finite.

If a = 1 and b = b then,
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For a distribution with [image: image30.png]1< x< 10
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In general,
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Let the leading digit of f(x) be L. Then,
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Because of the scale invariance, this pattern repeats for each order of magnitude covered, so that formula holds for all distributions with the domain [image: image36.png]1< x<10™



 where m is an integer. The formula will also be approximately true for real-world scale-invariant data that cover a large number of orders of magnitude, so that edge effects (as it were) are not important. Physical constants are a good example: they cover many orders of magnitude and must be scale invariant as the laws of physics are not dependent on an arbitrary choice of a scale for units.
The values for the frequencies of all the digits are:
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P(L=2)= %0176
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P(L=3)= %0125
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P(L=14)= ¥ 0.0969
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P(L=5)= ¥0.0792
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P(L=6)= ¥ 0.0669
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P(L=7)= ¥ 0.0580
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By inspection these terms sum to unity, which is handy.
