Balance Power
The best approach to this problem is to start at the beginning. First, consider how many combinations of integers can weigh a mass of one.

Obviously, the only possible integer combination is 1 itself. Thus, the first integer we need is one.



Now, we should consider how to make two. It goes without saying that with only the digit 1, two cannot be made, so our next integer is 2.

Three can be made using one and two, so no new integer is needed. Four, however, needs a new addition to our collection.

Five and six are fairly obvious, as we can combine 4 and 1 and 4 and 2 respectively. Seven, however, needs a combination of 4 and 3, which can be made with 1 and 2.



Eight requires a new integer to be added, bringing the total to four. Rather than going into explaining exactly how every number from here is made, the numbers between nine and fifteen can be made by a combination of 8 and the numbers between one and seven, which can all be made using 1, 2 and 4. Fifteen can be made by just combining all the four integers-



Now we have to add in 16 as a new integer. Once more, we can now form all the integers between seventeen and thirty one, just by combining 16 with the combinations of the numbers between one and fifteen. We must now add 32 as our sixth and final digit. We can now produce 60 as follows:

This provides us with our six integers:

These integers form a sequence- the powers of two. The highest number we could form from this is 63, so the next integer we would add would be the next power of two, 64. 
If we were told to find how many integers are required to make numbers between one and 1000, we would just need to find the closest power of two below a thousand. The sequence of powers continues 64, 128, 256, 512, 1024, meaning the biggest integer we would need would be 512. Any number could be constructed from the integers 1, 2, 4, 8, 16, 32, 64, 128, 256 and 512.

To find a general rule of how many integers are required to construct any number between 1 and n, we must first ask the question ‘how many powers of 2 are there between 1 and n?’
This can be answered using logarithms. If we find the logarithm of n to the base 2, then we have the power of two which gives n. Rounding this value down to the nearest integer will give you the closest power of two below n, and we can make all the numbers between one and this power with the previous powers of two, so n can be made with this power and all the ones before it. However, we must add one to this to find the true number of integers required, to accommodate for 20, or one. In a tidier form, let ‘a’ be equal to the number of integers required to build all integers between 1 and n-

a=log2n+1  (rounded down to the nearest integer)
1





1





2





4





4





2





1





2





4





1





8





32





4





8





16





32





4





8





16





1





2








256








512





64





128





8





32








