The Solution to
‘Power Mad’ Challenge

You need to prove why all the statements below are true:
1) 21 + 31 , 23 + 33 , 25 + 35 , ... , 299 + 399
are all multiples of 5.

2) 199 + 299 + 399 + 499
is a multiple of 5.

3) 1x + 2x + 3x + 4x + 5x
is a multiple of 5 when x is odd.

1) To prove that a certain number is a multiple of 5, you only need to look at its last digit. If it is 5 or 0 (e.g. 520, 965124635), it is a multiple of 5, if it’s not, then it’s not. This is because the addition of 5 and 5 is 0. So we just need to prove that the last digits of each expression are either 0 or 5. 

I started by looking for the pattern. Here are the first 10 powers of 2:

2 
4
8
16
32
64
128
256
512
1024

Now I’ve highlighted the last digits. Look at them again:

2
4
8
16
32
64
128
256
512
1024

You may see a pattern. 2486 repeats. Same to the powers of 3:

3
9
27
81
243
729
2187

3971 repeats.

Now coming back to the question, the question says that adding 2 and 3 each with the same odd power makes a multiple of 5. Let’s match those two patterns we found out above to work out the last digit of them.

24862486248624862486
39713971397139713971




Therefore:
	
	
	2n
	3n
	Total

	The Last Digit When
	n=1
	2
	3
	5

	
	n=3
	8
	7
	(1)5

	
	n=5
	2
	3
	5

	
	n=7
	8
	7
	(1)5

	
	n=9
	2
	3
	5

	
	n=57
	2
	3
	5

	
	n=99
	8
	7
	(1)5


They all end with 5 indicating that they all are multiples of 5.



2) 199 + 299 + 399 + 499 is a multiple of 5.

It is very similar to question 1. You only need to work out the endings. 

199 obviously ends with 1.

299 ends with 8 because there are 4 numbers in its pattern and 99 divided by 4 gives you remainder of 3, which means that the third number of the pattern (2486) will be the ending of 299 .  

399 ends with 7 because it has also got 4 numbers in its pattern (3971).

499 ends with 4 because it has got 2 numbers in its pattern (46) and 99 divided by 2 gives you remainder of 1.

Finally 599 ends with 5 because its pattern is just simply 5 repeated.

If you add them all up, 1+8+7+4+5, you end up with 25. 25 ends with 5 so 199 + 299 + 399 + 499 is a multiple of 5.




3) 1x + 2x + 3x + 4x + 5x is a multiple of 5 when x is odd.

Again we need to look at the patterns. These are the endings of each power when the index is an odd number.

	
	1n
	2n
	3n
	4n
	5n

	n=1
	1
	2
	3
	4
	5

	n=3
	1
	8
	7
	4
	5

	n=5
	1
	2
	3
	4
	5

	n=7
	1
	8
	7
	4
	5

	n=9
	1
	2
	3
	4
	5

	n=11
	1
	8
	7
	4
	5

	n=13
	1
	2
	3
	4
	5





As you see there are only two different combinations.
They are 12345 and 18765.

1+2+3+4+5= 15

1+8+7+4+5=25

15 and 25 all end with 5.




I now proved that all 3 statements above are true. 
Leo Nam
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