SOLUTION. 
Go Eun No
Note that X(r) is a 'multivalued' function with 2 possible values of X for each value of r.

X(r) is defined implicitly by the quadratic relationship
X2r2−Xr−r+1=0 
Part 1: Which of the choices r=1,[image: http://nrich.maths.org/javascript/jsMath/blank.gif]−1[image: http://nrich.maths.org/javascript/jsMath/blank.gif],100 give real values for X(r)?
 
i. r=1
x2-x-1+1=0
x2-x=0
x(x-1)=0
x=1, 0

ii. r=-1
x2+x+1+1=0
x2+x+2=0


x= (imaginary number)

iii. r=100
10000x2-100x-100+1=0
10000x2-100x-99=0


X=(imaginary number)
∴when r=1, X(r) gets real values. 

Part 2: What is the range of values of r for which X(r) takes real values?
What happens when r=0?

There is a formula which indicates the range of r when X(r) takes real values.
X(r) = X2r2−Xr−r+1
   = X2r2 –(X+1)r +1
   [image: http://dicimg.naver.com/100/sub/128244_0.gif]
According to the formula, when D >0, X(r) takes real values. 

D = (X+1)2-4X2 >0
= X2+2X+1-4X2
= -3X2+2X+1>0
3X2-2X-1<0
(3X+1)(X-1)<0
-1/3<X <1 

Using the range of X, we can figure out the range of r when X(r) takes real values.
i. 
<X


r2+r-r+1=0
r2+3r-9r+9=0
r2-6r+9=0
(r-3)2=0
r=3

ii. X<1
r2-r-r+1=0
r2-2r+1=0
(r-1)2=0
r=1
 
∴ 1<r<3 

When r=0,
X(r)= X2r2−Xr−r+1=0
X(0)= 0-0-0+1=0
=1≠0
 ∴when r=0, X(r) is not an incorrect equation. 

Part 3: Sketch the overall shape of X(r) against r and find the maximum and minimum values of X(r).

Note: You could numerically find a sensible conjecture for the minimum and maximum values of X(r), but to prove this you will need to use calculus.

To differentiate X(r),
X(r)= X2r2−Xr−r+1=0


X’(r)= 2Xr2+2Xr-r-X-1=0

= (2Xr2-r) +2Xr-X-1=0

(2Xr2-r)= X+1-2Xr


= 
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