Let each of the labels define the area
inside that shaded region.

And

Let the notation “Rad(R;)” denote
the radius of the section with area
R;.

Rad(R;) = Rad(P,) = x
Rad(SGl) = Rad(sBz) = 2X
Rad(SBl) = Rad(st) =3x

Rad(SRz) = 4x




I have hours of fun working through these NRich problems, and this one has
certainly taken some time! This may not be an ideal solution and proof, but is a
notation | am comfortable with using through my own experiences.

Throughout the solution there are points for the reader to reflect on the progress
being made and check understanding, or to work through part of the problem.

On the previous page, | have presented a number of pictures, to show the notation
that will be used throughout this solution. I will first find the proportion each colour
takes up of a circle when we use 4 colours, and go on to make a conjecture and proof
of a general case.

CONSTRUCTION

The working here assumes the reader has worked out how these circles are
constructed. As an example perhaps try:

e Drawing a circle radius 4.

e Use aruler to make a mark a point directly 3cm left of the centre point.

e From this draw a semi-circle of radius 1 (this is my R;)

e To form R,, find the mid-point of the horizontal line from the RHS of R; to the
circumference. Mark this point.

e Placing the tip of the compass on this point and the pencil on the bottom right
R; draw the line which forms the region R,

e To form G, (in my picture), measure double the radius for the first semi-circle
(2cm) with the compass, place the point of the compass on the bottom right
of R; and draw the semi-circle.

e Repeating these steps is one way to form this pattern.

There are of course different ways to draw these patterns, for example, drawing lots
of different semi-circles and rubbing out the lines (you may find this easier), but the
above was my preferred method.

It is definitely worth drawing a couple of these patterns to get a feel for how
the shapes are formed.



SOLUTION WITH 4 COLOURS
Suggestions:

- Before attempting to follow thus general solution, try working through a
numerical solution. Maybe for one of your drawings?

- If you have worked through numerical solutions, but still find the general
example seems too tricky to start with, try substituting a number for x. Does it
match with your numerical workings?

Let x be the radius of the region with area R;.

Area of Whole Circle, A=(7?2?2? Yp =227

Therefore,
SRZ - 87Tx2
Also:
R = p = X2
1= =7
(3x)’m  9x*m
Se2 = Sp1 = =

2 2
SBZ = SGl = ? ? 7
Try the last one for yourself; use the pictures to help your understanding!

What is the benefit of finding all of these equations at this point?

Step 1: Find Area of Red Section, R

R=R,+R,
r _nxz
1= 2




Step 2: Find area of green section, G

G:Gl+62
2 2
G, =Sg — R, = 2x?m— B = X
2 2
o o 9x?m pr2y — 5mx?
2 =962 B2 = 5 X = 5
3nx? Smx?  8mx? ,
G = > + > = > = 4mx

Step 2: Find area of blue section, B

B=B,+B,

Left as an exercise to the reader...

Step 3: Find area of purple section, P

P=P, +P,

We could find this using the same method as previously, but is there an
easier way, in which | can use reasoning to simply state the area, P?

How can we use the information we have at this point to check our areas are
correct (most likely)?

Since, every colour has the same area and there are 4 different colours we can

deduce that the proportion each colour takes up of the whole circle is % .



| have used reasoning here to deduce the proportion is 1/4 ; what calculation
could be performed instead?

Conjecture:

If we split any circle using this technique in to n different colours then the
proportion each will take up will be (Insert idea here).

Proof:
| will adopt the following notation:
e Let the area of each separate colour be denoted by Cy, C;, C,, ..., Cii1
e C;; will represent the ‘first-part’ of colour i, i.e. the parts being called R,

G4, B;and P; in the previous example

e C;, will represent the ‘other-part’ of colour, i, i.e. the parts in the
previous example denoted by R,, G,, B, and P,

o Llet, S¢, = Zi:o Cr1 (Previously labelled, as Sgy, Sqy, ---)

o Let, SCi,z = Z?;il Cr’2 (Previously labelled, as Sg,, Se», ----)

Now, fori=0,1,2,...,(n-1)

Could i have started from 1? 2? 3? What difference would it make?

C;=C;i1 +C;
Cin =S¢, = Scioays Define: S¢_,, =0
Ci_z = SCi,Z — SCi+1,2 Deﬁne: Scn,l =0

Why have | included the extra 2 definitions?



Therefore,

¢ = Scyy SC(L'— T SCi,z - SCi+1,2
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With a little thought (refer to pictures above), it can be shown that:
2

2

SCi,l == (l + 1)2
It follows that:

Tx?
—i

— 2
SC(i—1),1 )

How did | get from the expression for S, to the expression for SC(H) . ?

Similarly, it can be shown that:

T x* ~2
Sep, = 5= (=1
(Again, refer to pictures, to get a sense for how | got this)

And so,

=7277777

Cit1,2

How can we now find an equation for the area of each colour? Do we need
just 1 general equation or a number of different equations?

HINT: It will really help to simplify your equation(s) as much as possible!

Then, how can we use the information we have to show what proportion
each colour takes up? Perhaps there is another thing we need... (Think about
the suggestion in the example).

Is this the last step of the proof? How do you know?



