Part (i)

To prove the relationship equation between the types of means:

We know that

H = 2 / (1/a + 1/b)

In which we can simplify the denominator to give

H = 2 / ( (a+b) / ab )

H = 2ab / (a+b)

This can be separated to give

H = ( 2 / (a+b) ) x ab

And as we know that A = (a+b) / 2 and G = (ab)^0.5 then we can see that
H = A^-1 x G^2
H = G^2 / A
Which is what we wanted to prove.
Part (ii)
To prove that A = arithmetic mean, H = harmonic mean, and G = geometric mean:
The diameter is a+b and therefore the radius is half that, and A is the radius so
A = (a+b)/2

To work out G and H we will call the part of the line connecting H to A x, the line connecting G to H y, and the line A to G z. To start off we can see that
H + x = A
G^2 = H^2 + y^2
z = radius – b

Substituting what we have worked out up to this point gives
x = A – H = (a+b)/2 – H (as we proved A)
y^2 = G^2 – H^2 (we haven’t proved G and H yet)
z = (a+b)/2 – b = (a-b)/2

And by looking at the diagram again you can see that z^2 = y^2 + x^2. Substituting all this in and rearranging gives
(a-b)^2 / 4 = (G^2 – H^2) + ( (a+b)/2 – H )^2
(a-b)^2 / 4 = G^2 – H^2 + (a+b)^2 / 4 – H(a+b) + H^2
H(a+b) = G^2 + ( (a+b)^2 – (a-b)^2 )/4
H(a+b) = G^2 + 4ab/4
H(a+b) = G^2 + ab
In this small elegant formula you can substitute in the formula G^2 = HA that we proved earlier, once for G and once for H. For G it gives
H(a+b) = HA + ab

H( (a+b) – A ) = ab
H( (a+b) – (a+b)/2) = ab

H(a+b)/2 = ab

H = 2ab / (a+b), which is another way of writing the harmonic mean and therefore proves that this distance is the harmonic mean.
Substituting for H gives
G^2 x (a+b)/A = G^2 + ab
G^2 x ( 2(a+b)/(a+b) – 1 ) = ab

G^2 x (2 – 1) = ab

G^2 = ab
G = (ab)^0.5

Which is the formula for the geometric mean and therefore proves that this distance is the geometric mean.
To prove the inequality:

As we stated before

H^2 = G^2 – y^2
Therefore H^2 is smaller than G^2 and so H < G. Plugging in H = G^2 / A gives
G^2 / A < G
G^2 < GA

G < A

Putting these 2 results together gives

A > G > H
Part (iii)

To prove that Q = quadratic mean:
As we can see from the diagram and using all that we have proved so far
Q^2 = A^2 + z^2
Q^2 = (a+b)^2/4 + (a-b)^2/4

Q^2 = ( (a^2 + 2ab + b^2) + (a^2 – 2ab + b^2) ) / 4

Q^2 = (2a^2 + 2b^2)/4
Q^2 = (a^2 + b^2)/2
Q = ( (a^2 + b^2)/2 )^0.5
This is the formula for the quadratic mean so this proves that the distance is the quadratic mean.
