GEOMETRIC REPRESENTATION OF THE MEANS
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For any two numbers,  there are three means, the geometric mean , the arithmetic mean  and the harmonic mean , where







First, we need to prove the relationship,



LHS:

Multiplying by ,



RHS:



Simplifying,



Multiplying by , RHS:



Which is equal to the LHS

I have labeled the above diagram so that









The semicircle has diameter  and is the radius, meaning that



Which is the arithmetic mean of  and .

The line  has a magnitude of 



The line  is a radius and therefore has a magnitude of  . By the Pythagorean theorem,



And substituting the values of  and ,



By the difference of two squares,



Which simplifies to



Simplifying to



Simplifying to



Which is indeed the geometric mean of  and 

I have labeled the angles such that









From the similar triangles  and , we see that



Multiplying both sides by G, we have



Substituting in the magnitude of G and using the fact that  is a radius, we have


Multiplying by  and substituting ,



Finally, multiplying  by , 



We see that , because  and  make up two sides of the right angle triangle , and  is the hypotenuse of the triangle.

We also see that , because A is a radius and so is equal to OD (also a radius). OD and G form two sides of the right angle triangle ODE and OD is the hypotenuse. Therefore we have that



Q is the quadratic mean. We see that triangle COE is a right angled triangle, so from the Pythagorean theorem,



 is a radius and so  , and . Plugging these values in,



Expanding the brackets, and putting both terms under a common denominator,



Simplifying,



Multiplying by  , we get that



And we see that  because in the right angle triangle ,  and  make up two sides of the triangle and  is the hypotenuse. Therefore, we have
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