
Counting Cogs

Myself Shubhangee is sharing one of my students, Shaunak’s work. He is from Ganit Manthan, Vicharvatika, India. He worked on the problem independently.

Which pairs of cogs let the coloured tooth go into every 'gap' on the other cog?
If the numbers represent the number of teeth/gaps on each cog with the following notation, for example, the pairs in which the cogs let the coloured tooth of the first cog go into every gap on the other cog are:
(4, 5), (4, 7), (4, 9), (4, 11), (5, 6), (5, 7), (5, 8), (5, 9), (5, 11), (5, 12), (6, 7), (6, 9), (6, 11), (7, 8), (7, 9), (7, 10), (7, 11), (7, 12), (8, 9), (8, 11), (9, 10), (9, 11), (10, 11), (11, 12).

Which pairs do not let this happen? Why?
The pairs which will not work are:
(4, 4), (4, 6), (4, 8), (4, 10), (4, 12), (5, 10), (6, 4), (6, 6), (6, 8), (6, 9), (6, 10), (6, 12), (8, 8), (8, 10), (8, 12), (9, 9), (9, 12), (10, 10), (10, 12), (11, 11), (12, 12).
These pairs will not work because the tooth of the first cog touches only spots after a specific interval. This interval is the number of teeth on the first cog. If the HCF of the number of teeth on the first cog and the number of gaps on the second cog is x, then the coloured tooth will touch x gaps on the other cog.
If x = 1, then the coloured tooth will touch all gaps on the other cog.

Can you explain how to determine which pairs will work, and why?
The technique to figure out if a pair will work or not is as follows:
First, count the number of teeth on the first cog and the number of gaps on the second cog. 
Next, find their HCF. If the HCF is 1, then the tooth will go on every other gap, else the pair will not work.
Please click on the link to check Shaunak’s working.
https://youtu.be/ifEDWu1QOtA
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