Manuele Cavalli-Sforza

5 circuits, 7 spins:
i) Calculating the perimeter of the tray.

ii) Determining the dimensions of the tray.

i)We know: the circumference of the circle = 1 revolution = 2, 

    the perimeter of the tray = 1 circuit = 7/5 revolutions.

We must firstly note that the circumference of the circle that comes into contact with the side of the tray, during its 7 revolutions, can be used as a measure of its perimeter. However, because the tray is not circular, the circle will not be able to roll around the tray uninterrupted as t is unable to tessellate with the corners of the tray. As a result, a portion of the perimeter does not come into contact with the circle during its revolutions – let’s term this “actual length”; this is displayed in Figure 1. Similarly, there is a portion of the circle’s circumference that does not come into contact with the perimeter at each corner – let’s term this the “length lost” from the circumference; this is displayed in Figure 1. 


Because the “length lost” does not come in contact with the perimeter, it must be subtracted from the circumference of the 7 revolutions when calculating the tray’s perimeter. However, because the “actual length” is not represented in the length of the circle’s circumference that comes into contact with the perimeter, it must be added back on. Taking these concepts and definitions, we can see that 1 circuit, or the perimeter of the tray, can be defined as: 

(Length of 7 revolutions – total length lost in 5 circuits + actual length lost in 5 circuits)/5.
The arc length of the “length lost” can be calculated. We know that the radius of the circle is 1, and as the sides of the tray are tangent to the point of the circle in contact with the tray, we know that the radii of those points are at right-angles to each other and the sides of the tray. Thus we know that a square is formed with sides of 1 (from the two radii and the sides of the perimeter that do not come into contact with the circle at each corner). 
Therefore, the minor sector, with an arc length of “length lost”, has an angle of 90o. Thus the “length lost” per corner can be calculated to be:





(90/360)*2
As there are 4 corners in a circuit, the “length lost” per circuit = 4(
Thus, the total “length lost” in 5 circuits = 5*2
From the square of side length one, as shown in Figure 1, we can also see that the “actual length” per corner = 1+1 = 2.
As there are 4 corners in a circuit, the total “actual length” for 5 circuits = 5*4*2 = 40. 
The length of 7 revolutions = the length of 7 circumferences = 7(2.
The length of one circuit = the perimeter of the tray =    (140.8
ii) From this we know that, if y and x are each of the sides of the tray, 
x + y = 0.8

y = (0.8x .

Therefore, we can take this linear equation to describe the relationship between the sides, and any of the x and y values on its graph are possible for the tray.

However, as shown by Figure 2, x ≥ 2, otherwise the circle would not fit in the tray. Likewise, y ≥ 2, which means:       2 ≤ (0.8x


x ≤ 0.8
                    x ≤ 0.8or 8.513 (4 s.f.)
Thus we can state that the dimensions of the tray can be any values of x and y when:




y = (0.8x




and





2 ≤ x ≤ 0.8   or  2 ≤ x ≤ 8.513 (4 s.f.)
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“Length lost” – length of circumference, per corner, that does not come in contact with side of tray during revolution.





“Actual Length” – the length of the perimeter that the circle does not roll over – per corner. 





Figure 1
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Figure 2





Please continue to next page.











