Manuele Cavalli-Sforza


Look Before You Leap: 

Part 1:

If a + b + c = 4, ab + bc + ca = 6, abc = 3, what are the values of:
a) 1/a +1/b +1/c ?

To solve for the sum 1/a +1/b + 1/c we must firstly convert each of the fractions to the common denominator abc. Thus the sum reads:

ab/abc + bc/abc + ca/abc 
⇒ (ab + bc +ca)/abc

Substituting in the values abc = 3 and ab + bc + ca = 6, we can calculate the sum to be:

6/3 = 2 
b) 1/ab + 1/ac + 1/bc? 

Similarly we must convert each fraction of this sum to a common denominator, giving: 

c/abc + b/abc + c/abc 

⇒ (a +b +c)/abc

Substituting in the values abc = 3 and a + b + c = 4, we can calculate the sum to be:

4/3 
c) a^2 + b^2 + c^2?

To solve for this sum we can consider the expansion of the expression (a+b+c)^2:

(a+b+c)^2 = a^2+b^2+c^2 + 2(ab+bc+ca)

Substituting the values a+b+c = 4 and ab+ba+ca = 6 we find:

(4)^2 = a^2 + b^2 + c^2 + 2(6)
16 – 12 = a^2 + b^2 + c^2

4 = a^2 + b^2 + c^2

Part 2:
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Given the lengths a, b and c (defined in Figure 1), explain and state an expression for (a+b+c)^2.
As is visible, a+b+c = the length of one side of the entire (largest) square. Therefore, (a+b+c)^2 = the area of the entire square.

We can see the entire square is composed of three squares (with areas a^2, b^2 and c^2) and a two sets of three rectangles (with areas ab, bc and ac) – one set lying on each side of the three squares. 

Thus the area of the entire square can be stated as:
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(a+b+c)^2 = a^2+b^2+c^2 + 2(ab +bc+ac).
Please continue onto next page.
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Extending this concept we can consider the expression (a+b+c)^3, visualizing it as a cube (as represented in Figure 2).
Upon careful inspection, we can see a special pattern to the cuboids that make up the volume of the cube. 

Firstly, in the centre of the cube lie three columns that each contains a cube and two cuboids – each cuboid with a square face (as illustrated in Figure 3).  
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Therefore, these three columns have a volume of: a^3 + b^3 + c^3
+  (a^2)b + (a^2)c + (b^2)a + (b^2)c + (c^2)a +(c^2)b.

Secondly, we must note that for every face represented on Figure 4, the face will be multiplied by a, b and c to form the three cuboids that make up a column. 

Applying this principle we can see that one of the same set of cuboids - (a^2)b + (a^2)c + (b^2)a + (b^2)c + (c^2)a +(c^2)b – is created on both sides of the columns in the middle. Furthermore, we can see in each of the 3 columns on either side of the columns in the middle another set, a cuboid of volume abc is present. Thus creating another set of cuboids with a total volume of 6 abc. 
Adding the total volumes of each of these sets of cuboids we can see that the total volume of the cube can be stated as:

(a+b+c)^3 = a^3+ b^3+c^3 + 3((a^2)b + (a^2)c + (b^2)a + (b^2)c + (c^2)a +(c^2)b)) + 6abc


e.g.
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