Squaring the Rectangle - https://nrich.maths.org/823
A solution and mathematical exploration by Andrew Magnuson.

The Problem :
Given a rectangle of any side ratio, is it possible to cut up and reassemble the rectangle into a square of equal area using finitely many pieces?

My Process :
The first thing I did after reading this problem was grab a blank sheet of paper, a ruler and a pencil. I find that being able to physically see my ideas in front of me helps me organize information and stay on track with the problem.
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Using the interactive viewer available on the problem site, I found that the three pieces could be rearranged into both a rectangle and a square of equal area. This is not the only way a rectangle can be rearranged into a square, but it is the key to creating a valid method for a rectangle with any ratio. I’ll put a diagram with two other cutting patterns (for the ratios 4:1 and 9:1) at the bottom of this document.
	My next step in solving this problem was to generalize the problem for all rectangles - this meant giving the height and width of the rectangle their own labels. I chose to label the height of the rectangle with the variable h and the width with the variable w. For rectangles where h = w, no cuts are needed as it is already a square. Then I asked myself, “What would the area of this rectangle be? What impact does that have on the side length of the resultant square?”. Since the area of a square is given by squaring the length of its sides (hence the name), we can use simple algebra to determine the side length in relation to the height and width of the rectangle :
Let s equal the side length of the resultant square.

 (since we’re looking at geometrical objects, we take the positive square root of hw)

Great! We’ve got a value for the side length of the resultant square and can compare it to the height and width of the starting rectangle! This will allow us to determine the lengths of the cuts in the rectangle, which will give us a precise set of instructions for turning one shape into the other.
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	Using the information we’ve gathered on the dimensions of the square and rectangle, we can determine the lengths of each of the small cuts with some more algebra.
For the smaller triangle, we know that the height of the triangle - we’ll call it x - has to equal √hw when added to the height of the rectangle h. Therefore,  ∴ 
The same logic can be applied to the base of the smaller triangle - we’ll call it y :  ∴ 
To find the height of Point A above the base of the rectangle, we can subtract the height of the triangle from the height of the rectangle : 

That gives us enough information to finally generalize the problem.
Given a rectangle drawn on a set of axes with the bottom left corner at the origin and the top right corner of the rectangle at coordinates (w,h) :
1. Cut between points (,0) and (,h).
2. Cut between points (,h) and (,).
This solution seems valid at first, but taking a closer look at some examples of it put in action (https://www.desmos.com/calculator/s3uobnwwmw) reveal a flaw in the process - with low enough values of h, Point A can fall onto and below the base of the rectangle, causing the cut to create two pieces that do not fit together to create a square. With high enough values of h, Point A fall onto and above the top of the rectangle, causing the cut to create two pieces that again do not fit together to create the desired square. By continuing to analyse the behaviour of this diagram, I noticed that my previous solution only works with  and values outside of this range fail. This splits the problem into three cases :
1. 
2. 
3. 
As Ryan Kavanagh writes in his excellent paper Explorations on the Wallace-Bolyai-Gerwien Theorem, “In the first case, by consecutively halving the base and consequently doubling the height a finite number of times, we will obtain a rectangle satisfying the second case. Similarly, by successively doubling the base and consequently halving the height a finite number of times, we may also reduce the third case to the second case” (Lemma 2, page 6).

Using all the information gathered in this document, a final set of instructions can be created :
Given a rectangle drawn on a set of axes with the bottom left corner at the origin and the top right corner of the rectangle at coordinates (w,h) :
1. If , consecutively halve the base and double the height of the rectangle until  is satisfied.
2. If , consecutively halve the height and double the base of the rectangle until  is satisfied.
3. When  is satisfied,  cut between points (,0) and (,h).
4. Cut between points (,h) and (,).



Here are some other ways to cut and rearrange rectangles with a specific ratio into squares :)
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Sources :
· https://en.wikipedia.org/wiki/Wallace%E2%80%93Bolyai%E2%80%93Gerwien_theorem#Proof_sketch
· https://rak.ac/files/papers/wallace-bolyai-gerwien.pdf
· https://www.youtube.com/watch?v=eYfpSAxGakI (The research I did on this topic led me to an interesting video on the Dehn Invariant which I found to be quite interesting. I was wondering if this question happened to be inspired by this invariant or a related subject?)
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