Odds and Evens Made Fair
By Michael Slack
Because this is a game that only requires a number to be odd or even, we don’t need to consider that actual numerical values of the balls; only whether they are odd or even.
(Hopefully) everyone knows that:




So I started with 

This assumes that every ball is numbered with an integer value. Things get much more complicated if you consider decimal numbers, since some sums become neither odd nor even. All of my following calculations also assume that we only deal with integers
Let , 
So,  and 
So in turn 
For a fair game with no possibilities of draws, 
So




This is a quadratic equation that can be solved with the quadratic formula
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This tells us that for there to be a fair game, there must be a square number of balls to choose from, and that if this is true, there are two possible distributions of odds and evens that create fair games. This must be true for every integer value , as I shall now explain.
· since then , and this creates an error in my earlier working where I am dividing by  for probabilities i.e. dividing by zero.
· If  is odd, then so must be N, so  , so E will evaluate to an integer (as it must do)
· If  is even, then must be N, so , so again E evaluates to an integer
· So for every integer value  my equation must be true
For a general game

OR


If you were forced to have 5 balls, just like set A on the problem page, you could set one of the balls to a decimal value, and have either 1 or 3 even balls. To demonstrate this, see below:
	
	Even
	Odd
	Odd
	Odd
	Decimal

	Even
	X
	Lose
	Lose
	Lose
	Draw

	Odd
	
	X
	Win
	Win
	Draw

	Odd
	
	
	X
	Win
	Draw

	Odd
	
	
	
	X
	Draw

	Decimal
	
	
	
	
	X



	
	Even
	Even
	Even
	Odd
	Decimal

	Even
	X
	Win
	Win
	Lose
	Draw

	Even
	
	X
	Win
	Lose
	Draw

	Even
	
	
	X
	Lose
	Draw

	Odd
	
	
	
	X
	Draw

	Decimal
	
	
	
	
	X



These tables cover all potential pairings of balls, and show that in both cases, 

The addition of the decimal in this case effectively converts the 5 ball game into a 4 ball one, which as I showed earlier, can be made fair. In fact, provided that no additional decimals sum to an integer value, it is true that 

This is true since it is equivalent to , and N must be square.
If any decimals do sum to an integer, things get harder to analyse. Demonstrations of this are shown below:
	
	Even
	Even
	Even
	Odd
	0.5
	0.5

	Even
	X
	Win
	Win
	Lose
	Draw
	Draw

	Even
	
	X
	Win
	Lose
	Draw
	Draw

	Even
	
	
	X
	Lose
	Draw
	Draw

	Odd
	
	
	
	X
	Draw
	Draw

	0.5
	
	
	
	
	X
	Lose

	0.5
	
	
	
	
	
	X



	
	Even
	Even
	Even
	Odd
	0.5
	1.5

	Even
	X
	Win
	Win
	Lose
	Draw
	Draw

	Even
	
	X
	Win
	Lose
	Draw
	Draw

	Even
	
	
	X
	Lose
	Draw
	Draw

	Odd
	
	
	
	X
	Draw
	Draw

	0.5
	
	
	
	
	X
	Win

	1.5
	
	
	
	
	
	X



In both of these tables,  . 
